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IIpeaucioBue

Or1o nocobue npegHasHavYeHO AJIA MOATOTOBKU K pellleHHIO 3afady 1o
TeMe «YpaBHEHUA U CUCTEMBI YPABHEHUWH» U, B YaCTHOCTH, 3afa4H 13 eau-
HOTO rocyzapcTBeHHoro skzameHa (EI'D) mo matemartuke (mpoduibHEIR
YPOBEHB).

3azaua 13 npeacTapaaeT coboll ypaBHeHHe WIH CHCTEMY ypaBHEeHHH.
KioueBbM TIPU3HAKOM 3a/avu fABAgeTcAd HeoOXoAuMOcTs oTbopa Imo-
JIy4eHHBIX B pe3y/lbTaTe pelleHHsa TOr'o WIH MHOTO ypaBHeHHA KOopHeH
B COOTBETCTBUH C BHITEKAKOINUMHU U3 YCIIOBUA orpaHuYeHUAMH. [Tpu aTom
JUIA pelieHus 3ajgauu 13 Heo6XogMMO yBepeHHOoe BilajleHue HaBhIKaMU pe-
LIeHUA BCEX THUIIOB YpaBHEHUH U CHCTeM YpaBHEHUH, H3y4YaeMEIX B OCHOB-
HOM M crapiued LIKoje: LeJBbIX palMOHaJbHBIX, ApoOHO-pallMOHANBHEIX,
MpPaLMOHAJbHEIX, TPUrOHOMETPHYECKUX, TIOKa3aTelbHEBIX, Jorapupmm-
YeCKHX.

Jns toro uro6s moarotoBky k EID caenats makcumanbHO 3¢dek-
TUBHOM, B nocobue BKIIOYEHH! 3a/]aHUsA, COOTBETCTBYIONIME BCEM IeCTH
$YHKIMOHAMBHO-YMCAOBEIM AHHUAM MIKOJIBHOIO Kypca, M OIMCaHBI OC-
HOBHEIE METOZBI DEIIeHH ypaBHEHHUH U CHUCTEeM YpaBHEHHMH /19 KaykoH
M3 9TUX JUHUH. Takoe mocTpoerue ocobus, ¢ 0JHOH CTOPOHEL, IIO3BOIHT
BHIABUTH CYyLIECTBylOlIMe Ipobesibl U npobiieMHble 30HBI B IIOATOTOBKE
C LeMbl0 MX YCTpaHEHHA M BHIPaOOTKM YCTOMYHMBEIX HABBIKOB PelIeHHsA
YpaBHEHUH H CUCTeM YpaBHEHWUIA, a C Jpyroil — IO3BOJIUT UCIIONL30BaTh
KOMIUIEKCHBIH TMOJAXO0M TIPH OPraHM3aliiy U NMpoBejeHHH obobuiaiomero
TMOBTOPEHMA.

PasymMeeTcs, IPUCTYNIaTh K M3YYEHUI0 METOZIOB DENIeHUs ypaBHe-
HU M CHUCTEM ypaBHEHMI, COOTBETCTBYIOIIHMX II0 YPOBHIO CJIOKHOCTH
sagade 13 EI'3 mo mareMaTHKe, HMeeT CMBICI TOJBKO B TOM CJIy4ae,
ecii pellleHHe MPOCTeHIUX YpaBHeHHH M0 KayK/Joi U3 QyHKIIMOHATIBHO-
YHMCJIOBBIX THHUIH ITKOIBHOTO Kypca He BEI3HIBAeT HUKAKUX 3aTpyAHEeHHH.
Jlns MpOBEPKH HaBHIKOB pellleHHWA TaKUX YPaBHEHWI HYXXHO IpejBapu-
TEJBHO PElIMTh TPEHHPOBOYHBIE M JHArHOCTHYecKue paboThl mocobus
C. A. lllecrakosa «EI'D 2018. MatemaTuka. [TpocTeiiine ypaBHeHus. 3aja-
ya 5 (npodwibHBIA ypoBeHb)» (M.: MIIHMO, 2018). [Towie 3TOro Hy»HO
BHIMOJIHKTL BBOAHYIO JMarHOCTUYECKYyl0 paboTy HacToAlero nocobus.
OHa coCTOMT M3 JBYX 4acTei: B NepBoil npejcrasieHsl 12 ypaBHeHHId —
TI0 Ba Ha Kax Ay GyHKIMOHANBHO-YHCIOBYIO THHHIO NIKOIBHOTO Kypea,
BO BTOPOH, HMeIONIeH Ty 3ke CTPYKTYpY, — 12 cucTeM ypaBHeHUit. BHavane
HYXHO DENIMTH MEpPBYI0 4acTh, IIOCTAPaBIIMCh VAOXKHUTBCA B ZBa daca.
Ecii IpoLieHT NIpaBUIBHO BHIIOJIHEHHBIX 3aJaHUH OKaXXeTcd He MeHbIIe



4 [IpeaucioBre

75, MOKHO TIEPEXOJUTh K pellleHHI0 3aJa4 BTOpPoi yacTH. B mpoTHBHOM
CIy4ae HYXKHO OIpeJeuTh, KakHie 3a/la4yy BhI3BIBAIOT 3aTpyAHeH A, o6pa-
TUTECA NMPU HEOOXOAUMOCTH K pa3bopy 3agay, H3yuYUTh METObI PellleHHA,
BHITOJIHMTE TPEHUPOBOYHBIE PabOTEl M TOJBKO IIOC/IE 3TOrO MEPEXOJUTH
K pellleHHIO 3aay YacTH 2, MMOCTapaBlIMCh NOTPATHTh Ha Hee He Gojee
ZBYX 4acoB. Eciu MpoleHT NpaBWIBHO BEINOMHEHHBIX 3aZaHU U 37ech
OKaXkeTcs He MEeHbIIe 75, MOXKHO MepeiTH K pelleHUI0 CIeIyIonHX JHa-
THOCTHYECKHX paboT, HaYe — 06pAaTUTHCSI K METO/IaM PEIeHHS COOTBET-
CTBYIOIIMX CHCTEM, Pa306paThcsa B HUX, PENIUTh TPEHUPOBOYHBIE PAGOTHI
M TOMTBKO MMOTOM — OCTABIIMECS AMATHOCTHYECKHE. B mofoM ciaydae mpu
HaJW4YMH YpaBHEHUH WIM CHCTEM YpaBHEHHH, BBI3BABIIMX 3aTpyJHEHUA
WIM pelleHHBIX HelpaBWIbHO, HYXHO IpopaboTaTh COOTBETCTBYIOLIMI
MarepHal nocobysa U peluTh TPEeHUPOBOYHbIE PabOTHI.

[Tocobue copepUT 6 AUATHOCTUYECKUX U 15 TPeHMPOBOYHEIX pabor,
a taxke pasbop 3ajay BBOAHOM JUarHocTH4eckoil paboThl MU HeoOXOAM-
MEIe METOAMYECKHEe peKOMeHJallMH II0 pelleHHIOo YpPaBHeHMI U CHUCTeM
ypaBHEHHH, NPOWLIIOCTPUPOBaHHEIe OONMBIIUM YUCIOM IIPUMEDPOB.

IMoguepKHeM, YTO B TIocoOMe BKIIOUEHH 33/JaHNUSA, B OCHOBHOM OTBEYa-
I0lII}e 110 YPOBHIO CIOMXKHOCTH 3afaHuio 13 EI'D o MaTeMaTHKe, | IIOAro-
TOBUTEIbHBIE 3a7a9H.

[Ipu noAroToBKe K pelneHuIo 3aza4 EAUHOTO rocyapcTBEeHHOTO 3K3a-
MEHa ¢ Pa3BEepHYTHIM OTBETOM BaXKHO NOMHUTH ciefyioulee. [Tposepka
OTBETOB OCYILECTBJIAeTCA 3KenepraMu. [loaTroMy NnpUBogUMOE pelleHHe
JO/DKHO COZIepIKaTh Bee HeoOXoAUMBIe IOsCHEHUA U 060CHOBAaHUA U OBITH
MOHATHEIM He TOJIBKO €ro aBTopy, HO M JII0OOMY KOMIIETEHTHOMY 4esoBe-
KY, B YaCTHOCTH, IPOBEPAIOIEMY.



JuarHocTudyeckas pabora

YacTts I. YpaBHeHHs
Penmite ypaBHEeHHE.
1. 3(6x?—13x+6)* — 10(6x* — 13x) =53.
2. |x? 9|+ |x+3|=x*+x—6.
2 A + AR - IX =2
"X —4x 4 3x2—4x -4

2 x—5 _ 1
4 x2—2x—3+x2—1_x2—4x+3‘

3 1.

5. (x—3)Vx2—-5x+4=2x—6.

3—x x—1
6. 4/ o + 34/ 3—x=4‘

7. sin 3x +sin4x +sin 5x =0.

8. arcsin x (4 arcsin x + arccos x) = 2.

9. x-2°43=3-2"+x.
10. 4sirlx+25—2sirlx=18.
11. log, (x*— 12) + 0,5log1 x*=0.

7
12.log, 2 —log, x+ z=0.

Yacts II. CucTeMbl ypaBHEHHH
Pemmre cucreMy ypaBHeHHUH.

xy+x+y=11, x*+2y?
1. —
x%y + xy*=30. 23' -
P +2y .2 2

{x2+y2= : (—y ) =x“+2y°—3y+9x.
x+y+z=-0,5. {\/;4_\/;:7,

x ¥_5 | VXy=10.

Y ox 6’ o [Vry+Vaxtyr2=7,

X =y'=5 | 3x+2y=23.
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+ 2 _2+ =0, 3‘3[3,“'_’_2:3—(3}’,
7, { VY TCeosTXx cosXx 10. {

Vx—2+6cosy=0.
2sin®x+3sinx+1 _

0, - 8
8. -y 11. {81039(39’) logg x®,

ysin®x —sinx —1=0.

S5x+2y+22=0.
¥+4v3cosx=0. 4

817 —4-977 +3 _ 2logl(sinx) + 3log, (sinx) + 1

9. v/ 1—2siny ’ 12. log,(—cosx) 0,
vV x+3+cos2y+1=0. Vy—7=v2cosx+1.




YAcTsb . YPABHEHUA

['TaBHBIM STAIlOM pelleH A J11060T0 ypapHeHHA ABIAeTCA CBeéHUE ero
K OZHOMY WIH HECKOIBKUM IIPOCTeHIINM ypaBHeHuAM. [1og mpocTeinmi-
MH YpaBHEHHUAMH B 3aBUCHMOCTH OT IIPHHA/IEKHOCTH K TOH WIH UHOI
dYHKUIMOHATBHO-YMCI0OBONA JUHUH MIKOJBHOTO Kypca MOoApa3yMeBaloTcs
CIegyionue:

® 1719 1IeBIX Pal[MOHAJbHBIX YpaBHEeHUI — THHEHHble U KBaJpaTHEIE
YPaBHEHUHA;

o f)

® 17151 ;poOHO-palMOHabHBIX YpaBHEHUH — ypaBHeHHA BUJa prooill
rae f(x) 1 g(x) — MHOroOWIEeHEl NEPBOI WIK BTOPOH CTEIEHH;

® /1711 UppallMOHAJBHEIX YPaBHEeHHI — ypaBHeHU BuAa 4/ f(x)=g(x),
rze f(x) — MHOrowIeH IepBOM WIH BTOPOH cTelleHH, g(x) — MHOrowieH
CTETIEHU He BHILIE MEPBOH;

® /1711 TPUT'OHOMETPHUYECKUX YPaBHEHHI — ypaBHEHUA BH/A Sinx =a,
cos X =a, tg X =a, rae a — JAeHCTBUTEIBHOE YHCIIO;

e /UIA TIOKA3aTeNbHBIX ypaBHeHHil — ypaBHeHua Buga a’ ) = b, re
a — TMOJIOKHUTEBHOE JEHCTBUTENbHOE YMCI0, OTIHYHOE OT eJHHULbL, b —
ZeHCTBUTENBHOE YHCI0, f(X) — MHOTOWIEH IIepBOoii WX BTOPOH CTeNeHH;

e 17151 TorapudMUIeCKUX ypaBHEeHHUH — ypaBHeHusa suza log, f(x) =b,
rae b — IeHCTBUTENIRHOE YHCI0, d — IOMOKHUTENIRHOE AeHCTBUTEIRHOE
YHCII0, OTIMYHOE OoT 1, f(x) — MHOrOWIeH epBoi WK BTOPOH CTEIIeHH.

CyIecTByeT /IBa OCHOBHBIX COco0a CBeeHHS YPaBHEHUA K OJHOMY
WIM HECKOJIBKMM INpocTeHuM: aarebpanyeckue npeobpaszoBaHus M 3a-
MeHa nepeMeHHOil. KpoMe Toro, pelieHre HEKOTOPHIX YpaBHeHHH Tpeby-
eT NMpUMeHeHUA TaKUX CBOMCTB QYHKLMIH, KaK MOHOTOHHOCTE M OIpaHH-
YEHHOCT.



§ 1. Llesible pauiOHATbHbBIE YPABHEHMS

Kak yxe oTMe4ajoch, MPOCTEHIIMMU LETBIMH (CI0BO «pal{iOHalb-
HBle» HHOrZa OyZeM OIycKaTb) YpaBHEHMAMHM ABIAKOTCA JHHEHHBIE W
KBajpaTHbie. PelieHue MpakTUYeCKH JI00bIX 1eTbiX YPAaBHEHWH, B TOM
YHCTe U TeX, KOTOPHIE TIONYYeHBl U3 ApOOHO-PaIHOHAaTbHEIX, HPPAIHO-
HANbHBIX, TPUIOHOMETPUYECKHX, TOKA3ATENBHEIX U JIOrapU(GMHUYECKUX
VPaBHEHHUI TIOCPEACTBOM 3aMEHBI MEepeMeHHOM JAub0 MHBIM crocoboM,
CBOZMTCS K PEIIeHWI0 JTUHEHHBIX M KBaJPAaTHHX ypaBHeHWid. [loaTo-
My yMeHHe OblcTpo M 6Ge3 omMb0K pemiaTh JMHEWHBIE W KBaZpaTHHIE
VpaBHEHMA ABIAETCA OAHUM M3 BaKHEHIIMX: OGMAHO, IIPUAYMAaB CIIO-
cob pellleHHA OTHOCUTEJBHO CJIOXKHOM 3alayM U CBeld ee K JMHEHHOMY
WIH KBaZIpaTHOMY YpaBHEHHIO, OIIMOMTHCA Ha MocjaegHeM mare. danee
pellieHMe JUHERHBIX ¥ KBaApaTHEIX YpaBHEHMI He paccMaTpuBaeTca (pe-
KOMEH/[YETCS PEIllaTh UX CAMOCTOSATENBHO), & CPa3y MoC/e UX IIPHBEJEHUS
K CTAH/IJapTHOMY BH/Iy BRITUCHIBAIOTCS KOPHU.

PaccMOTpUM OCHOBHBIE CTIOCOGE! PENIEHHS IEBIX PAIIHOHANBHBIX YDaB-
HEHHIA.

1. AinreGpanyeckue npeoOpa3oBaHUA

OZHMUM M3 OCHOBHBIX CITOCOGOB CBeIEHHA YpaBHEHUSI K OJHOMY WIH
HECKOJIbKMM TIPOCTeHIINM ABNAITCA anrebpanyeckue npeobpa3oBaHUA
ofHON Wwin obeux ero yacteil. B Takux ciydasx, Kak NpaBWIo, Bee wie-
HBEl YDaBHEHHA NEPEHOCAT B OHY M3 €ro yacTei, MPUBOJAT Moflo6HEIe
M TBITAIOTCA Pa3oXUTh MONYyYeHHOE BBIpAXKeHHWe Ha MHOXHUTeNu. Jnd
LEJMBIX YPaBHEHMH ¢ 3TOH Leipl0 OOBIYHO HMCHOAB3YIOT (GOpMYMIE CO-
KpameHHOTO YMHOXeHuA. MHoraa, 9To6sl MPUMEHHUTE OAHY U3 GopMyn
COKpaIeHHOTO YMHOXeHHA, TpebyeTcs NPUMEHUTh MCKYCCTBEHHOE TIpe-
obpazoBanue: 106aBUTH U BBIYECTh HEKOTOPOe BhIpaskeHue. Eciu yaaerea
«yrazarb» KOPEHb IIeJ0r0 pal[MOHATBbHOTO YPaBHEHHUA CTEIIEHH BEIIIE
BTOPOMH, T.€. KOPeHb X, MHorowieHa p(x) B JIeBOH 4acTH ypaBHEHUA
p{x) =0, TO MOXXHO NMOHU3UTH CTENleHb ypaBHEHHHA, BOCIOIb30BABIIHChH
TeM, uTo Toraa p(x) = (x — xy)q(x) U cTeneHp MHOrowieHa q(x) HMKe
creneHu MHorowieHa p(x). s monydenus popmyisl p(x) = (x — xp)g(x)
HCTIONB3YIOT MO0 pa3nokeHHe Ha MHOXKUTEIH, MO0 feeHne cTon6uKoM
MHorowieHa p(x) Ha X — Xo. B HEKOTODEIX C/Ty4asAx [ TOro YTOGH! CBECTH
ypaBHeHMe K JIMHEHHOMY WIH KBajpaTHOMY, JOCTaTOYHO BOCIIONb30-
BaTbCA YCJIOBUEM paBEHCTBA CTeNeHel. PaccMOTPHM IIPUMEpPE! PENIeHHs
LIeJIBIX YPaBHEHHUH ¢ ToMolkio anrebpandeckux npeobpa3oBaHuii, Hauas
¢ JWHEHHBIX M KBaJpaTHHIX YpaBHEHHWH ¢ MppalloHalbHBIMH K03ddu-
IMeHTaMH, KOTOpEIE, HECMOTPS Ha MX INPHHAJIEXHOCTb K IPOCTEHIINM,



§ 1. Llenble paLiMOHANBHEBIE YPaBHEHHA 9

MOPOii BHI3BIBAIOT HEpa3pelIMMBIE TPYAHOCTH Y BBHITYCKHHMKOB MMEHHO
B CWIY UPPaLHOHaIbHOCTH KO3()HIMEHTOB.

IIpumep 1. Pemure ypaBHeHUE
2(V3-x)+v3(@2-x)=2V3-4.
Pemenwue. /laHHOe ypaBHEeHHe ABAAETCA JTHHEWHBEIM. BHIIOJIHUM He-
obxopuMEle IpeoBpa3oBaHud:
2(V3-x)+vV32-x)=2V3-4 <
< 2V3-2x+2V3-V3x=2V3-4 &
& 4V3—(V3+2)x=2V3-4 & (V3+2)x=2V3+4 &

_ 2v/3+4 _ 2(v3+2) _
= J54a = x = fora = x=2.

Omeem: 2.
IIpumep 2. Pemure ypaBHEHHE

2x® — (2V/3+3V2)x+ V6+2 = 0.

Pemenue. /lanHoe ypaBHeHHe ABjAeTcs KBajpaTHeIM. Haligem auc-
KPUMHHAHT D ypaBHeHHA:

D= (2v3+3v2)?—4-2-(V6+2) =
=12+12+/6+18—-8v/6—16 = 14+4/6.

JIMCKPUMMHAHT TIpe/CTaBsAeT cob0oii BEIpaskeHHe BUAA p +q+/T. B Tom
cilydae, ecy 3TO BhHIpakeHHe ABJAeTCA MOMHEIM KBaZpaToM, 0OBIYHO HC-
TIOTB3YIOT PacCy’keHudA, aHaloTHUIHble caeayiomuM. [Ipeanonoxum, 4To
JVCKPHUMHWHAHT ABIAETCA KBaApaToM CyMMBI YHcesI a U b:

(@+b)? =14+4/6.
[TycTh cymMMa KBajjpaToB 3THX 4YHCEN] paBHa 14, a MX yABOEHHOE NMPOU3-
BesieHue paBHO 44/6. Torma ab = 2v/6. HauGonee BepOATHBIMM «IIpETeH-
JeHTaMH» Ha posib a U b apndaworcs aubo 2 u V6, mbo 2v2 u V3, mbo
2+/3 u v/2. TlockobKy cyMMa KBaZipaToB HCKOMEIX YHCeN paBHa 14, To 3T0
uncna 2+/3 u V2. CregoBatensro, vD =2+/3 + +/2. Torma mo dopmyne
KOpHeH KBaZpaTHOTO ypaBHEeHH! !

i 2\/§+3\/§:2\/§+ﬁ, xi=+3+4/3,
=
_ 2/3+3V2-2/3-2 =2
xz— P 2 2

Omeaem: V3 + \/E; %
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Yenoeue paseHcmea cmenenetl

VYpaBHeHHe BHAA (g(x))z““ = (p(x))z““, r7e n— HaTypalbHOe YHC-
710, B CWIY CBOMCTB CTENEHHON (YHKIMH C HEYETHBIM HATyPaJbHBIM
IoKasaTeleM paBHOCHIBHO ypaBHeHUI0 g(x) = p(x). YpaBHeHue BHAA
(g(x))?" = (p(x))?", rme n—HaTypaJbHOE YMCIO, B CHIY CBOHCTB CTe-
MeHHOH (YHKUMM ¢ YeTHBIM HATYPaJbHEIM IOKA3aTelleM PaBHOCHIBHO

p(x)=q(x),
p(x) =—q(x).
IIpumep 3. PemuTe ypaBHEHHE
(x—3)°+(x*-2x-1)*=0.
Pemenne. [lepenunieM ypaBHeHHE B BUIE
(x—3)¢ = —(x*—2x—1)%
2)3,

COBOKYITHOCTH

Hanee, mockoneky a® = (a?)®, —b% = (—b)?, nonyaum
(x—3)%° = (—x*+2x+1)°.

B cuy Toro, uTo ¢’ =d? < c¢=d, nocneaHee ypaBHEHUe TIPUBONTCS
K BUAY (x — 3)2=—x*+2x+1. Ilepeneca Bce WieHBl YpaBHEHHA B Jie-
BYIO 4aCTh, PACKPBIB CKOOKH, IPUBeAA NOZ0OHEIE U paszienus obe 4acTH
TIOJIyYEHHOT0 YPaBHEHHMA Ha YMIO 2, MOJIYYWM KBaJpaTHOE ypaBHEHHE
x? —4x+4=0, e//UHCTBEHHBIM KOPHEM KOTOPOT'O AB/AETCA 2.

Omeem: 2.

PaznoxceHue Ha MHOXCUMENRL

Cpeau UenBIX YpaBHeHMI CTelleHM BhINle BTOPOH, pellaeMEIX C II0-
MOIIBI0 PA3NOKEHWUA HA MHOXKUTENMH (/11 9ero MpUMEeHST (OpMyIHl
COKpallleHHOT0 YMHOXEeHHSA W BEIHeceHHe 3a cKOOKy obmiero MHOKUTe-
JI1), MOXKHO BBIZEIWTH CHMMETPHYECKOe ypaBHEHHE TPeThero mopafka
ax®+bx?+bx+a=0. [leperpynnupoBas ciaaraeMble ¥ BEIHOCA 38 CKOOKy
ofiye MHOKHTETH, MOIYIUM a(x® + 1) + bx(x + 1) = 0. IpumeHM
B JIEBOHM 4acTH ypapHeHUa GopMyay CyMMBI KYOOB M BHOBb BHIHECEM
oBLIMI MHOXKUTEND 38 CKOBKY:

a(x+ 1% —x+1) +bx(x+1) = (x+1)(ax?—ax+a+bx).

TakuM 06pa3oM, ypaBHEHHe CBOJUTCA K JIUHEHHOMY YpaBHEHHIO X + 1=
=0, KOpHeM KOTOPOTO ABAETCA YMCI0 —1, M KBaJpaTHOMY ypaBHEHMIO
ax?—(a—b)x+a=0.

OTMeTHM, 4TO A/ GOABITMHCTBA APYTUX LIebIX YPaBHEHHUIA cTelleHu
BHIIIE BTOPO¥ CTaHAAPTHEIT alITOPUTM pellleHHs yKa3aTb He yAaeTcsd, Ho
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MPaKTHYECKH BCErAa B UX PElIEHMH MOXKHO CYIIECTBEHHO MPOABHHYThCH,
CIeya OQHOM M3 TPeX «MHCTPYKLMIA», WIH «IIPaBWI»: «IIPHUMEHH GOpMYy-
JIy», «J06aBb U BHIYTH», «yTajlail KopeHb». PaCCMOTPHM HECKOIBKO IIPHMe-
POB.

IMpumep 4. Pemmrte ypaBHeHHEe
5x® —21x% - 21x+5=0.

Pewenue. [leperpynnupoBae ciaraeMele M BEIHOCA 3a CKOOKy obujue
MHOMXHTENH, TMOIYyYUM 5(x*+1) - 21x(x+ 1) =0. [IpyMeHHM B JleBOH
JacTH ypaBHeHHA GOPMY/y CyMMEI KyGOB M BHOBb BhIHECEM OOGIIMIT MHO-
JKUTEJb 32 CKOOKY:

5(x4+ D% —x+1)—21x(x+1) = (x+ 1) (5x%—26x+5).

Takum o6pa3zoM, ypapHEeHHe CBOAMTCA K JMHEHHOMY YpaBHEHMIO X +
+ 1 =0, KopHeM KOTOpOr0 ABIALTCA YHCIO —1, U KBagpaTHOMY ypaB-

1
Henuio 5x% — 26x + 5=0, KOPHAMH KOTOPOr'o ABIAIOTCA YMCIa = U 5.

5
Omesem: —1; %; 5.
I[Ipumep 5. Pemure ypapHeHUe
x*=2x3+x*-9=0.

Pemenue. 3TOT npuMep WITIOCTPUPYeT IIpuMeHeHHe GopMys coOKpa-
HmIeHHOTo yMHOKeHus. CHavana Bocnonb3yeMcs GOpMyIoH KBaparTa pas-
HOCTH JBYX umcel: x* — 2x% + x? = (x? — x)2 Temepb ypaBHEHHE MOXK-
HO mepenmcath Tak: (x% — x)° — 3% = 0. INpumerus GopMyay pPasHOCTH
KBazpaToB, momyduM (x? —x —3)(x* —x+3)=0, otkyga x> —x —3=0
6o x? — x +3=0. KopaaAMH ypaBHeHHs X — x — 3 =0 ABIAIOTCA YUCIA

1 _2 13 U L +2 13 . YpaBHenHe x2 — x + 3 =0 eficTBUTETBHBIX KOPHEIT He
HMEEeT B CHTY OTPHIATEIbHOCTH JHCKDHMHWHAHTA.
1—v13 1++13
Omeem: 5 5 -

IIpumep 6. Peumure ypapHeHUe
=D+ x— D+ x—DEx-3D+x—-3)*+(x—-3)°=6.
Pemenne. [lna pelneHus ypaBHEHHA BHOBb BOCIIOIb3YeMCH IIPABHIOM
«IIpuMeHH Gopmyiy». BeipaxxeHue
(c— 4>+ (x—4) (x—3) + (x—3)*

npe/icTaBsAeT coH0 HETOMHBIH KBaApaT cyMMbl yicen X — 3 u x — 4. [lo-
3TOMY €C/Id YMHOXXWTH €T0 Ha pazHoCTh 3THX uyucel (x — 3) — (x —4),
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MOJYYUM paszHOCTh KyboB aTux uncen. Ho (x —3) — (x — 4) =1, noatomy
=D+ x-Dx—3)+(x—3)? = x-3)° - (x—9°.
Teneps ypaBHEHHE MOMKHO NEPENHCATh TaK:
x—4*+(x—-3P - x—49>+(x—3)° =6,
OTKYyZa, IPUBE/S TO00OHBIE ¥ Pa3/ie/THB 06e 9acTH YPaBHEHU Ha YHCIIO 2,
nonygaeM (x —3)3=3. 3uaunt, x — 3= V3, u x=3+ V3.
Omeem: 3+ V3.

Mpumep 7. Pemure ypapHenue x*+4x —1=0.

Pemenwne. [ Toro YTO6E pENIUTE 3TO ypaBHeHHE, TONpo6yeM IIpH-
MEHUTB K €ro JIeBOH 9acTh TMpaBWIO «106aBb U BEIYTH», JOMONTHUB X' 110

KBajipaTa CyMMBI:
xt+ax—1= (0 +2x%+1) -2 +4x -2 =
=(02+1)2-2(x*-2x+1) = (x*+1)? - 2(x - 1)>.
Hanee,
(2 +1)2 - 20— D2 = (2 +1)2— (V2x— /2)* =
= (x®+1+v2x— vV2) (x*+1— V2x+ v2).
[Tomyyaem ABa KBaJpaTHBIX YpaBHEHHA:
P+ V2x+1-v2=0 u x2—-vV2x+1++v2=0.

KopHaMmu ypaBHeHHA x?+ v2x+1— V2=0 aprsioTes wmera

—V2—V4av2-2 H V24 Va2 -2
2 2 :

YpaBHeHHE x? — v/2x + 1+ v/2 =0 geitcTBUTEBHEIX KOpHel He uMeeT
B CWIy OTPHULIATEIBHOCTH JUCKPUMHWHAHTA,

—V2-\4v2-2 -2+ 4v2-2
2 1 2 :

Mpumep 8. Pemmure ypaBHenue 2x° +3x% —1=0.

Pewenne. Jlepas yacTh ypaBHEHHUA IpezcTapideT coboil MHOrowIieH
TpeThel CTENeHH ¢ LelbIMU Koddduumentamu. s penleHus ypapHeHUA
TAKOro THNA CJeAyeT MPUMEHUTh MHCTPYKLHIO «yrafail KOpeHb», BEIAC-
HUB, He ABJIeTCA JTU KaKoe-HUOyab 1Ie10e YHCI0 X, KOPHEM YpaBHEeHH.
Takoe YHCIIO HY)KHO HCKATh CPEIU JleTuTeseil ceobogHoro wieHa. B ca-
MOM flefie, eciii Xy — KOpeHb KAaKoT0-THOO0 11eJI0TO YpPaBHEHHS C LeTBIMH

Omeem:
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KoapdulMenTaMM, HanpuMep, ypaBHeHus ax® + bx? +cx +d =0, To ipu
€ro IOACTAaHOBKE B ypaBHEHME IIOJYYMM BEPHOE YHCIOBOE PaBEHCTBO
axg + bx§ + cxg +d =0. Tak Kak KakZoe M3 TpeX IepBBIX c/araeMbix
JIEBOH 4acTH 3TOT0 PaBEHCTBa JEIHTCA Ha X, TO U MOIEAHEE caraeMoe
d MOJDKHO ANMUTHCA Ha Xg. AHAJIOTHYHBIE PaCCy)XKAeHUA IPUMEHUMEI U 1A
YpaBHEHMH CTeNeHH BHIIe TpeThel. Ec/IM Takoe YHeIo X, CYIIeCTBYET, TO
JIEBYIO 9ACTh YPABHEHHWA MOXHO ﬁy,Z[ET PasIOXMHWUTh Hd MHOMMWMTEMH, OJHHM
M3 KOTODHIX ABIAETCH X — Xg. A 3TOTO ciefyeT «pa3buTh Ha Haphl»
JIEBYIO YacTh ypaBHEHHA TaKUM 06pazoM, 4yToObl B Ka)KA0H Iape MOXKHO
6]3].?'[0 BBLAETHUTh MHOXHTED X — X, 160 BHIMOJIHUTH JeleHHe MHOI'oYwIe-
Ha Ha MHorowieH cronbuxoMm. Tak, uucio —1 ABAAETCA KOPHEM ZaHHOTO
VpaBHEHM:A, B YeM MOKHO YOEAUTLCA MPOCTOM NMPoBepKoil. Teneps JeByI0
YacTh YpPaBHEHHA MOXKHO Mpeobpa3oBaTh CIeAYIOMMM 06pa3oM:

2534 3x2 -1 =22 +2x)+ (2 -1 =
=22+ D+ (x+Dx—1) = (x+D2x%2+x—1).

Taxkum o6pasom, x = —1 aubo 2x2+ x — 1 =0. KopHsAMu mocreaHero
YpaBHEeHHA ABI0TCa yiena —1 u 0,5.
Omeem: —1; 0,5.

Ypaenenus, codepxcaiyite 6oee 00HOU nepemerHoll

VYpaBHeHud, cofepxkaiiue 6onee ofHON nepeMeHHON, 0OBIYHO CTABAT
B TYIHK HEJOCTATOYHO IOATOTOBIEHHOTO BBHITYCKHUKA, XOTA B GOBIIHH-
CTBE CJIYYaeB UX pellleHHe He TpeOyeT U30LpeHHEIX Tpeobpa3oBaHui WIH
HeCTaHZAapTHHIX TOAX0J0B. Kak IpaBuio, Takue ypaBHEHHA ABIAIOTCA
KBaZpaTHBIMH OTHOCHTEIBHO OJHOH M3 NMepeMeHHBIX, U KIlo4eBasd uiaed
3aKIH0Y4eTCa B HCUIEOBAHHH JHUCKPDHMHWHAHTA YPDaBHEHHA: M3 YCOIOBHA
€ro HEOTPHLIATEIbHOCTH HAXOAATCA AOIIYCTHMbBIE 3SHAYEHHA BTOpOI:i nepe-
MEHHOMH.

IIpumep 9. Haiigure Bce napwl (x; ¥) 4Mces X U Y, IJIA KaKAOH U3
KOTODHIX 5x% —4xy + y* —8x+ 2y +5=0.

Pemenne. IlepenucaB gaHHOe ypaBHeHMe KaK KBajpaTHOEe OTHOCH-
TEJILHO X, IMTOTYYUM

5x2—4(y+2)x+y*+2y+5=0.
ITycte D — AMCKPHMHWHAHT YpaBHEHHH, TOTZa
2 =4 +2°-502+2y+5),
OTKYZia, packphlB CKOOKHM U IIpUBeZd MoAo6HEIe, HAXOAUM

%=—y2+6y—9=—(y—3)2.
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Eomn y #3, 10 D < 0, ¥ ypaBHeHHMe He uMeeT pemleHui. Ecin y =3, To

4
2(y+2
2=0,1«1'1'0I'.£l.awc= (ys )

4
Omaem: (2; 3).

=2.

2. 3aMeHa nepeMeHHOMH
Vpasnenute guda a- f>(x)+b- f(x)+c=0

Takue ypapHeHMsA (MX MHOIZAa Ha3BIBAlOT TPEXWIEHHBIMM) ABJIAIOT-
cad ofHMMH W3 Haubonee paclpocTpaHeHHBIX. HaBepHoe, caMbiii M3-
BECTHEIM TMPHUMEpP 3TOTO THIA YPaBHEHHI — GMKBAJpaTHOE ypaBHEHHE
ax® + bx? + ¢=0 (3gecw flx) = x2). 3aMeHOMH nepeMeHHOH ¢ = f(x)
TpexXwIeHHOe ypaBHEHHWe CBOAMTCA K KBaZpPaTHOMY OTHOCHTEILHO IIe-
PEMEeHHOI ¢ YpaBHEHHIO at® + bt + ¢=0. B xauecTBe TIepBOTO MpHUMepa
mofo6HOro THIA ypaBHEHWH paccMoTpuMm 3agady 1 wactwm I BBOAHOM
JAUarHOCTHYECKOH paboThI.

IIpumep 1. Pemure ypaBHEHHE
3(6x* — 13x + 6)* — 10(6x* — 13x) = 53.

Pemenme. O6o03naunm 6x° — 13x + 6 uepes t. Toraa 6x* — 13x=t—6
U ypaBHEHHE NIPUMET BUJ 3t%2 —10(t — 6) =53, OTKyZAa 3t2 - 10t +7=0.

KopHAMU TIoyueHHOro KBaZ[paTHOTO YpaBHeHHA ABAAI0TCA yHuceaa 1 u %
Caenaem obpatnyio zameny. Ilpu t = 1 monyuum ypasHenue 6x2 — 13x +
+6=1, otkyza 6x% — 13x +5=0. KopHAMH TIOC/IEHETO yPAaBHEHUS SBJIS-
OTCH YHeIa % U g ITpu t=% MONYIUM ypaBHeHHUe 6x° — 13x +6= %, OT-
KyZla, YMHOMMB 06e 4acTH ypaBHeHM# Ha 3, monyyaem 18x% —39x +18=7

u, 3HaumT, 18x% — 39x + 11 = 0. KOpHAMH NOCIEHETO YpaBHEHUsA ABIA-

IOTC}?-['-IPICJ'IEEIl]flE
35 6"

=1, L5, 1L

Omeem: 3353 6

IIpumep 2. Pemnre ypaBHEHHE
3(2x—1)*—16(2x—1)*+16 = 0.

Pemenwne. CzpenaeM 3aMeHy IepeMeHHOMH: z = (2x — 12, z=0. VYpas-
z=4,

HeHue npuMet Buz: 3z2 — 16z + 16 = 0. KopHu 3TOro ypaBHeHUs: |: 4

=3
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VYenosuio z 2 0 yaoB/IeTBOPAET KaXK/bIH U3 KOpHel ypaBHeHHA. BepHemcesd
K IepeMeHHo X:

. 3

2x—1=2, x=3,

2x—1=-2, __1

(2x—1)* =4, X=-%

4 =
4 2 |ox—1=4/2 V3+2
2x—1)* =3 - x = ;
Zae—1) 3 C 23
2x—1=—1/3 Y32
3 I ek
Brgers—as V3-2 J3+2 3

22 2/3° 23 2
Vpaeuenue euda (x —a)(x—b)(x—c)(x—d)=k,20e a+b=c+d
YPaBHEHI[/Ie YHa3saHHOI'O THIIA IIOCHEe TIEPEMHOXEHHSI ABYX IIEPBBIX
U BYX NOC/IeAHUX CKOOOK B 1€BOH YacTH JIETKO IIpeoGpazoBaTh K BUAY
(x*—(a+b)x+ab)(x* —(@a+b)x+cd) =k
H CBECTH K KBaJPaTHOMY 3aMeHOH
t=x2—(a+b)x wm t=x>—(a+b)x+ab.

Wuorza neBad 4acTh TaKUX ypaBHeHHI IIpejcTaBisaeT coboit mpousBene-
HHUe /IBYX KBaJPaTHHIX TPEXWIEHOB U TpeGyeT NpeBapHUTeTLHOTO Pasiio-
JKeHWA KaXKJ0T0 M3 HUX Ha MHOXUTEIH.

IIpumep 3. Pemure ypaBHEHHE (x% —4x+3)(x*>+6x+8) +24=0.

Pemienue. PaznokuMm KaxJblH M3 KBaJApPaTHBIX TPEXWIEHOB B JIEBOH
4acTH ypaBHeHHA Ha MHOxUTenH. KopHaMu TpexuteHa x? — 4x + 3 ABna-
oTCeA yueaa 1 1 3, noaromy x?2—4x+3=(x—1)(x—3). KopHaMH Tpex-
wieHa x2 4 6x + 8 apaAoTCd UMcaa —4 U —2, MO3TOMY

X2+ 6x+8=(x+4)(x+2).
Tenepb AaHHOE YpaBHEHHE MOXHO IePENnHcaTh B BHAE
x—Dx—-3Nx+4(x+2)+24=0.

[Mockonbky 14 (—2) =3+ (—4), nepeMHOXUM CKOOKH JIEBOH YacTH IOY-
YEHHOr'o ypaBHEHMA CAeAVIOIIUM o6pa3oM: MEPBYIO C MOCIEIHEH, a BTO-
pyio ¢ TpeTbeit. Momyunm (x2 + x — 2)(x? + x — 12) + 24 = 0. Caenaem
3ameHy nepemeHHO. ITyctb t = x? + x — 2. Torga x* 4+ x —12=t — 10,
U ypaBHeHHe npuMeT BuUZ ((t — 10) + 24 =0, oTkyza t2 — 10t + 24 = 0.
KopHAMHU noiyueHHOro KBaJpaTHOTO YpaBHEHHA ABIAIOTCA yucia 4 U 6.
Crenaem obpartHyio 3aMeny. [Ipu t =4 noay4uM ypaBHeHHe X2+ x—2=4,
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oTkyza x° + x — 6=0. KopHAMM TIOC/Ie/IHero YpaBHEHHUA ABIAIOTCA YHCIA
—3 u 2. TIpu t = 6 noNy4UM ypaBHeHHe X2 + X — 2 =6, oTKyza X* +x — 8=
—1++33  —1—+33

7 2" g =

=0. KopHAMH 3TOr'0 YypaBHEHHA ABIAIOTCA YHCIa
1—-+33 —1++/33
—

Omeent: _T; -3; 2;

Ypasuenue euda (x —a)(x —b)(x — ) (x —d) =kx?, 20e ab=cd #0

Takue ypaBHeHHMA CBOAATCA K KBaJPaTHRIM MOCIe CISAVIOUUX Mpeot-
pazoBaHuii. [lepeMHOXUM [IBe TIepBhie U JBe NMOCIeJHHE CKOGKH JIeBOi
YAaCTH C YYETOM TOrO, 4To ab=cd:

% — (a+b)x+ab)(x* — (c+d)x+ab) = kx>.
Tenepsb, yuuTEIBadA TO, uro X # 0 (MHa4e ofHO W3 uMcen a, b, ¢, d AomKHO

6GBITH PABHO HYJIIO, @ 3TO NMPOTHBOPEYUT YCJIOBMIO), pazZeauM obe 4acTH
ypaBHEHUs Ha X~ c/ie/lyIonuM 06pasoMm:

(xz_(a +b]x+ab) (xz—(f*'d)x"'ab) =k

X X
OTKyZA (x+ +(a+b)) (x+ +(c+d)) k.
O6o3HaumB t =x + Tb W t =X + Tb + a + b, momyuuM KBagpaTHOE
ypaBHEHHE,
Npumep 4. Penmre ypasuenue (x + 2)(x + 3) (x+ 8) (x + 12) =4x2.

Pemerue. [lepeMHOKMM IIEPBYI0 M IOCJIEJHION, @ TaKKe BTOPYIO
M TPETHIO CKOOKH JIEBOH YacTH:

6 +14x+ 29 (x> +11x+24) =

3aMeTHM, YTo X = 0 He ABIAETCA KOPHEM ypaBHEHM:A, M pasfeaum obe
YaCTH yPaBHEHMA Ha X2 cielylomumM o6pasom:

(x2+14x+24) (x2+ 11x+24) _—

BEINTOTHUM ITOWIEHHOE JleIeHUE B KayKA0M U3 CKOBOK JIEBOI YaCTH IoCIe -
HETO ypaBHEHHA M MEePErpynimpyeM claracMule:

(x+2+14) (x+ B411) =4
Teneps MOXKHO cZenaTh 3aMeHy nepeMeHHOH. IlyeTs t =x + % + 14. To-

raa x -+ % + 11 =t — 3 u ypaBHeHHe NpuUMeT BUJ t(t — 3) =4, oTKyZAa

t? — 3t — 4=0. KopHAMH TIOIy4EHHOr0 KBaJPaTHOTO ypABHEHHUS ABJIAIOT-
ca uncna —1 u 4. CaenaeM o6paTHYy10 3aMeHy. [IpH ¢ = —1 mony4uM ypas-

HeHHe X + 2x—4 + 14 =—1, otkyza x>+ 15x + 24 = 0. KopuaMu nocies-
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—\/129 15+\/12

—15
HET0 ypaBHEHMA ABIAIOTCA YHCIA 5 .Mpu t=4

MOJIY4YUM YpaBHEHHE X + % + 14 =4, orkyaa x2 +10x —l— 24 =0. Kopuamu
3TOr'0 ypaBHEHUA ABIAIOTCA YucIa —6 U —4.

—15= \/12 —15++129
— ey 5

Omeem: 3

Ypasrenue guda a- fz(x) +b-flx)-gx)+ec- gz(x) =0

Taxoe YPaBHEHHE Ha3blBA€TCA OJHOPOAHBIM YPpaBHEHHEM BTOPOI'O IIO-
PAAKA. OHO CBOAMTCA K KBaJpaTHOMY YPABHEHHWIO IIOCTIE OEeIeHHA obe-

fx)

200"
TIO/IYEPKHYTh, 4TO TIPH /IeJIeHUH Ha g2(x) MOXeT MPOM30IiTH oTepsa Kop-
Hell ypaBHEHMs, NO3TOMY 0053aTelbHON ABIAETCH NMPOBEPKA TEX 3Have-
HMit X, IPH KOoTOpHIX g2(x) = 0. EC/IM 3TH 3HAYEHHUA ABIAIOTCA KOPHAMH
HMCXOJHOTO YPaBHEHUA, TO UX TaKKe CJIeAyeT BKIIOYUTH B OTBeT. JIpyroi
crocob peleHysa OHOPOAHOrO YpaBHEHHA COCTOUT B PACCMOTPEHHH €ro
KaK KBa/IpaTHOT'O OTHOCUTENBHO ofHOM U3 Gyukumi f(x) wm g(x).

ITpumep 5. Pemure ypaBHeHHE
-1+ x(x2-1) = 2(x+ 12
Pemenue. [lepenuieM ypapHeHHe cleAyIOUMM obpasom:
2 —x)?+(x®—x)(x+1)—2(x+1)* = 0.

3aMeTHM, UTO X = —1 He ABIAETCI KOPHEM ypaBHeHUs, U pasgenuM obe
4acTH ypaBHeHHd Ha (x + 1)% [Momyunm

(xz—x)2+x2—x_2= 0.
2

ux yacteit Ha g2(x) ¥ BBEJEHHA HOBOH NEPEMEHHOM t = Crnenyer

x+1 x+1
CrenaeM 3aMeHy nepeMeHHOH. [IycTp t= o

e 1 Torza ypaBHeHHe IIpU-

meT B t2 +t — 2 =0. KOpHAMM MONYYEHHOTO KBa/PaTHOTO YPaBHEHUA
apnAoTed uucna 1 u —2. CuenaeM obpatHyo 3aMeny. [Ipu t = 1 nonyuum

2_
ypaBHeHHe J;+ f =1, otkyaa x2 — 2x — 1 = 0. KOpHAMY MOCIEHETO ypaB-

HeHuA ABImoTea unea 1 —v2u 1+ V2. [Tpu t = —2 mony4nM ypaBHEHHE

2_
J;+ f =—2, otkyza x% + x +2=0. 310 ypaBHeHHE He MMEET KOPHEii, TaK

KaK ero ,Zl;[/IC}{pP]I\-lIﬂ-IaHT DTplﬂ_l;aTEJIEH.
Omeem: 1 —+/2; 1++/2.

Ypaenenue euda ax* +bx®+cx?>+bx+a=0, 20e a#0

Taxoe ypaBHeHHe, KOG UIMEHTE KOTOPOTO CHMMETPHYHEI OTHOCH-
TeJIbHO CepeJUHEl, HasblBaeTcsAd BO3BPaTHHIM YpaBHEHHEM YeTBEPTOro Io-
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paaka. K KBajpaTHOMY YPaBHEHHIO ero MOXHO CBECTH CIEAYIOMMM 06pa-
30M. BeiHeceM o61I1e MHOXUTE/N 1 IIEPerpyINUpyeM caraeMbie B JIeBOil
YaCTH YPaBHEHMA:

alx* + D +bx*+x)+ex? =0.

3ameTHuM, yTo X = 0 He ABIAeTCA KOpHeM ypaBHeHHA (MHade a =0, 4yTO
MPOTHUBOPEYUT YCIOBHIO). PazgenuB obe 4yacTy NMOC/AeAHEro ypaBHEHHA
Ha x2, moayaum i ’
a(x2+—2) +b(x+ —) +c=0.
X X
1 3.3 1 g L. .5
IIyets t=x + T Torga t*=x"+2+ 120 OTKyAa x + F=t — 2. Temeps

ypaBHEHME MOXHO mepenucath Tak: a(t? — 2) + bt + ¢ = 0. [ocnennee
YPaBHEHHE FABIAETCA KBAPDATHBIM OTHOCHTEIbHO HEPEMEHHO]:i t.
Cxoxee ¢ pacCMOTPEHHBIM YpPABHEHHE BHIA

ax*+bx*+cex?—bx+a=0

MOJKHO CBECTH K KBa/[paTHOMY aHAJOTHYHBIM 06pa3oM, MOyIHB ypaBHe-
HHe g 1
a(x +—2) +b(x— —) +c=0
% x
U C/lefIaB 3aMeHy NepeMeHHOMH t =X — %, OTKy/1a
r2=x2—2+i2, x2+l2=t2+2,
X X

U, clefoBaTenbHo, a(t® +2) + bt +c=0.
Mpumep 6. Pemmre ypasuenue x* —3x° +4x% —3x+1=0.

Pemenue. 3amMerum, uro x =0 He ABAAETCA KOpHEeM ypaBHeHusA. Pa3-
JAenus obe 4acTH MOCIeIHero ypapHeHUA Ha %, MeperpymnimupoBas cjara-
e€MBIE B JIEBOH YaCcTH W BEIHECHA 33 CKOOKY OOLIMI MHOMXUTE/b, MOIYYUM

2, 1 l) =
2+ 5 -3(x+1)+4=0.

ITyeTs t=x+%. Torma t2=x2+2+xl—2, OTKyZza x2+%=t2—2. Te-

neph YpaBHEHHME MOMKHO TepenucaTh Tak: t- — 2 — 3t + 4 =0, orkyaa
t2 — 3t + 2 = 0. KopHAMH MNOJYYEHHOTO KBaJPaTHOI'O ypPABHEHHA HB-
gsored yuena 1 u 2. Caenaem obpatHyio 3ameny. llpu t = 1 noayuyum

1
ypaBHeHHe X + o 1, otkyaa x? — x +1=0. 3To ypaBHeHUe He UMeeT
KOpHEH, Tak Kak ero JUCKPUMMHAHT oTpuuareneH. [Ipu t = 2 nomyaum

1
ypaBHEeHHe X + Fa 2, oTkyza x* — 2x + 1 =0. EIMHCTBEHHBIM KOpHEM
MoCJIEAHEro YypaBHEeHUA ABIAeTCA Yucio 1.

Omeem: 1.
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VYpasnenue suda (x+a)*+(x+b)*=c

a+b "
3JTO ypaBHEHHE II0C/Ie 3aMeHHl (=X + g (MHOrAa Ha3BKIBAEMOMH CLUM-

Mempusayueit) cBOIUTCA K GUKBaZ[paTHOMY YpaBHEHHIO.
IMpumep 7. Pemmure ypasuenue (x +3)* + (x +5)*=16.
Pemenue. O603HaYMM t =X + 4, TOIZ|a ypaBHEHHE NTPUMET BM/I

t-D*+ ¢+ 1D*=16.

Mockonbky a* + b* = (a? + b?)? — 2a?b?, nesylo YacTh MOMYIEHHOTO ypaB-
HeHHs MOXHO NMpeobpasoBaTh Tak:

(G- ++1D3)?—20— D2+ )2 =
= (262+2)% - 2(2 - 1? = 4+ B2+ 4— 2t + a4 —2 = 2t + 1262+ 2.

IMonyuum ypasHenue 2t° + 12t> + 2 =16, otkyaa t* + 6t> — 7 = 0.
[Tycre t? =2, 2> 0. Torga 2> + 62 — 7 = 0. EAUHCTBEHHBIM TIOJOKHUTEb-
HBEIM KODHEM TIOC/TEeJIHEro ypaBHeHHs sapasgercs z = 1. IMoatomy t2 =1,
oTkyza t =—1 au6o t=1. Eumn t=—1, 10 x+ 4= —1, otkyaa x = —5.
Ecmt=1, To x +4=1, oTkyza x =—3.

Omeem: —5; —3.

3. [IpumeHeHUe CBOMCTB PYHKIHMA

HexoTopsle (He 06A3aTebHO Lie/ble) YPaBHEHUA MOTYT OBITH PEIleHE]
C TIOMOIIBIO TAKHUX CBOMCTB GYHKUMH, KAK MOHOTOHHOCTb M OrpaHHYeH-
HOCTB. PacCMOTPHM COOTBETCTBYIOIIME IIPUMEDEI.

TMpumep 1. Pemmre ypasHeHue x° +3x° +8x — 12=0.

Pemenne. Yucio 1 AsngeTca KOpHEM ypaBHeHHA. [pyrux KopHel
ypaBHEHHE He MMeeT, Tak Kak QyHKIMA y = x° + 3x® + 8x — 12 sBnsgeT-
¢4 MOHOTOHHO Bo3pacTawlleil Ha Bcell YMCJIOBOH NMpAMOH (Kak cyMma
MOHOTOHHO BoO3pacTalmux GyHKUMI), U, cIeoBaTelbHO, KaXI0e CBOe
3HaYeHWe MPUHHMAaeT POBHO OJMH pas.

Omeem: 1.
IIprmep 2. Pemmire ypaBHEHHE
(x*—2x*+2)* + (x> + 2x +5)> = 17.

Pelienye. Bhiie/IMB IOJIHBIE KBaJpaThl B KaXJA0H W3 CKOOGOK JeBOH
YacTH, TepPENUIIeM JaHHOE YpaBHEeHHUE B BHe

GE-D?+D*+ ((x+ 1%+ 49> =17
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U3 nepapencts (x* —1)?2+1=1u (x+1)?>+4 = 4 cieayert, uro
((2-D%+D*=21, (x+D*+49% > 16.

[ToaToMy JleBas 4acTh ypaBHeHMA He MeHblue 17. BeITh paBHO# 17 oHa
MOMET TOJIBKO B CIy4Yde, KOrja KadJoe M3 ABYX IIOCIeJHHUX HEPABEHCTB
06pa111ae‘1‘ca B paBEHCTBO, T. €. eI

x-12+1=1,
x+1)*+4=4.

E,I[P]}ICI'BEHHHM peme:[-meM ]'[OJIY'-IEHHOﬁ CHCTEMBI ABIAETCA KOpe}EB x=-1.
Omeem: —1.

4. YpaBHeHHs, coep:Kallye IepeMeHHYIO 10/l 3HAKOM abGCoMoTHOH
BeJIMYHUHBI (MOZYJIs)

YacTo Takue ypaBHEHMs Ha3bIBAIOT KOpOYe: YPaBHEHMA C MOJYJIEM.
VYpaeHeHus, coiepiKalie MoAY/Ib, OOBIYHO OTHOCAT K CPABHUTEIBHO TPY/-
HBIM, XOTA 3HaYMTeNIbHAasA YacTh TAKMX YPaBHEHHUH C YCIEXOM pelaercs
C TIOMOIIIBIO CTAHAAPTHHIX PABHOCHIBHBIX MPe00pa30BAHNI WIH «PaCKPhI-
THA MOAY/S» B COOTBETCTBHUHM C €T0 OIpefielieHHeM. [IpuBefeM cHavdaa
OCHOBHBIE (aKThl, CBA3aHHBIE C MOJYIeM U HeOOXOAUMBIE [7IA PElIeHHs
ypaBHEeHMH.

1. |a|=a, ecru a = 0; |a| = —a, ecnu a < 0 (onpeenenue MOLYIA).

2. |a — b| ectp paccTosiHMe MEXIY TOUKAMH d ¥ b YHCIOBOMH IIPAMOIA;
|a| = |a — O] — paccrosuue Mexay TouykamMd a U O YMCIOBOH NPAMON;
|a + b| = |a — (—b)| — paccroanue Mexay ToukaMM a M (—b) uMciIOBOM
NpAMOH (reoMeTpHYECKHI CMBICJ MOAYIIA).

3. |—al=|al.

4. lab| = aljbl; |¢]= 1.

5. |al*=a2.

6. lal=|b| < [a=b’
a=-b.
b>0,

7. |la|=b & a=bh

8. |a|+ |b| = |a + b|, mpuuem |a|+ |b|=|a+b| < ab=0.
3TH CBOMCTBA MO3BOJISIOT PENIaTh CAMEIE Pa3HBIE TI0 YDOBHIO CIOKHO-
CTH ypaBHEHUSA ¢ MOy/IeM. QCHOBHBIMHM METOAAMH PEIeHHsT TAKUX Ypas-
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HEHMH ABIAKTCA paBHOCWIbHEIE ITpeobpa3oBanus (cBoiicrBa 6—8) U pac-
KPHITHE MOAYJA MO ONpejeneH!Io (MeTo/ MPOMEKYTKOR, WIM METOJ| MH-
TepBAJIOB). Pexxe UCIIONB3YIOT reOMETPUYECKHI CMBICJ MOAY/IA U 3aMeHy
nepeMeHHOM.

PasHocunbHble npeobpaszosaHus

[Moxanyi, Haubonee a¢pdeKTUBHEBIN MeTO/ pellleHUd YpaBHEHHWH ¢ MO-
JIyJIeM OCHOBaH Ha IPUMEHEHUM PABHOCWIBHEIX ITpeobpaszopanmii. OqHo
H3 HHUX CBA3daHO CO CIeIYVIOINIHM YTBEDPMIEHHEM: eciu obe uacmu Ypas-
HEHUSA HeOomMpuuamesibHbl HA HEKOMOPOM MHOXMCecmsee, mo go3zgedenie 8
keadpam obeux uacmeil makozo0 ypasHeHUs He Npusodum HuU K nomepe,
HU K npuoﬁpemeﬂu}o pewenut‘i Ha 3moM MHOMCECMEE, MO eCMb ABJAENCA
pasHocunsHbM npeobpasosaruem. Tak, ecan g(x) < 0, To ypaBHeHHE
|f(x)| = g(x) He uMeeT pelleHUi, a B MPOTUBHOM CJIy4ae BO3BEJEHHE
B KBajpaT obeMX YacTedl Takoro ypaBHEHHMA ABAAETCA PaBHOCHIBHBIM
npeobpazoBanueM. [loaToMy noay4yaem (HalloMHHMM, YTO KBajpaT MOAY/IA
yyca paBeH KBajpary camoro ucia: |al? =a?)

T N Lt TN g(;)(;)o, @
= 2 _ 52 X)=glx),
[0 = g*(x) Pl gl

Jlajiee YpaBHEHUA HY)KHO PEIHTh, & HEPABEHCTBO MPOBEPUTE.
Kako# criocof — MeToj IpoMeXkyTKOB (MHTepBAaIOB) WIH YKa3aHHOEe
npeofpazoBaHie — BEIGUPATH /IS PEIIEHUA TAKUX YPAaBHEHU, 3aBUCHT
OT TOro, Kakasa U3 ¢yukumii f(x) wiu g(x) umeer Goee IMIPOCTOi B,
AHaJIOTHYHEIM 006pazoM OGCTOMT Aeo ¢ ypaBHeHHeM Buza |p(x)|=
=|q(x)|. 3TO ypapHEeHHe B CWIY NPUBEJEHHOI0 YTBEPKIEHUA PABHOCHIb-
Ho ypaBHeHHIO p2(x) = q*(x), oTKyza:

p(x) = q(x),
px) = —q(x).

3aMeTHM, YTO MOCJIEeJHION COBOKYMHOCTh MOMHO IOJYYUTh, HE BO3BOIA
obe yactu ypaBHeHus |p(x)| =|q(x)| B kBazjpar, a HENMOCPEACTBEHHO M3
CBOHCTB MOIYJIA.,

[IpyBeZieHHBIE CXeMBl PelleHHA MOXKHO MONYYUTh M3 «TeoMeTpuye-
cKux» cooBparkeHui. HamoMHUM, YTO MOZYJ/Ib PAZHOCTH [IBYX YHCET PABEH
PacCTOAHUIO MEXZY TOUKaMM YHMCIOBOHM (KOOpAWHATHOM) NpAMOM, CO-
OTBETCTBYIOIIMMH ITHM 4HCIaM (B 3TOM, COGCTBEHHO, M 3aKJII0YAETCA
reoMeTpHYECKHH CMBICT MOZY/IA).
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Peuruth ypaBHeHMe |x —b|=a — 3HayMT HAaHATH BCe TOUYKH X YUCIOBOM
OCH, PaCCTOAHME OT KXKJOH M3 KOTOPHIX A0 yueia b paBHo a. [ToHATHO,
yroecmm a>0, 70 x=b=+a, ectu a=0, To x=Db, eit a <0, To pelIeHHH
HerT. Pemmenue ypasHenus |f(x)|=a npu a > 0 cBOAUTCA K pACCMOTPEH-
HOMY CJIy4alo Iocjle 3aMeHHl nepeMeHHo f(x) =t. [Ipu pelueHUH KOH-
KpPEeTHBIX IPUMEPOB TAKYI0 3aMEeHY MOXKHO He JejaTh U cpa3y NepexonuTh
k ypaBHeHUAM f(x)=a; f(x)=—a.

CXOZIHO € pacCMOTPEHHBIM M pelnenue ypasHeHus |f (x)| = g(x). Aeii-
CTBUTENBHO, ecau g(x) < 0, To ypaBHEeHHe He UMEET DelleHHil B CHILY
HEOTPHILIATeTBHOCTH MOy, ecinu g(x) = 0, mory4yaem, 9To

fx)=gx) mibo f(x)=—g(x).

Takum obpazom,

gx) 20,
Ife=gx) < flx) = g(x),
fx) =—gx).

Kpowme Toro, nonesHo ob6paTuTh BHUMaHHe Ha CJIeylolue CBOWCTBA
MOZY/IA, HEMOCPEACTBEHHO CIEYIONIHE U3 €I'0 OIPE/IeTeHUA:
f)|=fx) & f)=0,
lfGIl=—fx) & f)=<o0.
[Tepeiiziem K pelieHHIo IPUMEPOB, HauaB ¢ 3afa4y 2 yacTH I BBogHOMH
JWUarHOCTHYECKOH paboTHL.
Mpumep 1. Pemwure yparenue |x> — 9|+ |x + 3| =x%+x — 6.

Pemenue. 3amMeTHM, YTO AaHHOE ypaBHEHHE IpeAcTaBideT coboit
YpaBHEHHE BHA

0’

la|+|b| =a+b = q

o R
A\VR\Y)

B pannom ciayuyae

a=x>-9, b=x+3, a+b=x*>+x-6,
P x=3,
x°—=9=0,

M, 3HAYMT, [x <—3, PemeHUsAMH CHCTEMBI ABJIA-
x+3=20,

OTKyJa {
x=-3.
0TCA YHueto —3 Wy [3; +).

Omesem: —3; [3; +o0).
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Mpumep 2. Pemmure ypasrenue |x°+x—1|=x+1.
Pemenue. /laHHOe ypaBHEHUE PaBHOCWIBHO CHCTEME

x+1=0, x = -1,
CHx—1l=x+1, OTKyzAa 0= 3\75
x3+x—1=—x—1, x(x?+2)=0.

PeleHUAMY MOCAeHEH CHCTEMBI ABNAIOTCA Yncaa 0 U V2.

Omeem: 0; %/5

Mpumep 3. Pemure ypasuenue ||3 —2x| —1|=2|x|.

Pemenne. ITockonbKy obe 4acTH ypapHeHMA HEOTPHULIATENbHEI, BO3-
BeJIeHUE UX B KBaJpaT ABIAeTCA PABHOCWIBEHEIM npeobpazoBanueM. [1pu-
MEHHM 3TO TMpeoGpaz0BaHWE, YYUTHIBAfA, YTO KBaApaT MOJYISA UHCIA
paBeH KBazpaty dToro umcnaa: (|3 — 2x| — 1)? =4x2. PackpoeM cKOOGKH:
(3—2x)%*—2|3—2x|+1=4x?, otkyza 9—12x+4x*—2|3 —2x|+1=4x?,
o, 3HAUuT, |3 — 2x| =5 — 6x. [lepeiifeM K paBHOCHIBHON CHCTEME

5-6x =0, o %-
3—-2x =5-6x, OTKyZa [x: 0,5,

3—-2x=-5+6x, e

HepaBeHcTBY cHCcTEeME YAOBIETBOPALT TONBKO X =0,5.
Omasem: 0,5.

Memoo npomexcymxoe (urnmepeanos)

OnnuM uz Haubonee U3BECTHEIX METO/OB pelleHUsA YpaBHEHHUH ¢ MO-
ZLyneM ABAAETCA MeToJ MpoMeXyTKoB (uHTepBasnoB). CyTe mMeToga 3a-
KJIIoUaeTes B caeAyiomeM. YucnoBas ock (B 3Tom maparpade pacemart-
PUBAIOTCA TONMBKO IIeJible YPaBHEHMHA, MO3TOMY HHUKAKHE OrpaHUYeHUS
Ha IepeMEeHHYI0 He BBOJATCA) pazbHUBaeTcsd Ha HECKOJBKO UHTEPBAIOB
TOYKaMH, B KOTOPBIX BEIDAXKEHMA, Coflep Kalle HEM3BECTHYIO M0 3HAKOM
Moaynsa, obpamairca B Hyab. Ha moboM M3 3THX HMHTepBaioB Jioboe
M3 TaKUX BBIPAJKEHHI OIpejeleHO M He PaBHO HY/IO, CJIeJ0BaTelbHO,
OHO NMPHUHMMAET TOJBKO MOJIOKMUTENbHBIE WIH TOJBKO OTpPHULIATETbHEIE
3Ha4YeHUA (Kakue MMEHHO, MOXHO OIIpeje/uTh, BeIGpaB moboe 3Have-
HHEe U3 paccMaTPHBaeMOro MPOMEXYTKA U OIpeJeluB 3HAK BEIPAKEHHS
TIpH 3TOM 3HaueHuu). [103TOMy B 3aBHCMMOCTH OT TIPOMEMKYTKA MOIYJIb
KayK[JOTO U3 TAKUX BEIDAYKEHHI «pacKphIBaeTCa» THO0 CO 3HAKOM «IUTIOC»,
mubo o 3HAKOM «MHHyC». 3aTeM Ha KaXJIOM IIPOMEKYTKe HaXOIUTCA
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pellieHHe [JaHHOTO YpaBHEHM:A, YiKe He COJeprKalllero 3HaKOB MOIYJIA.
[Tocnepumii war — obbeAMHEHWE HaWJEHHBIX pelleHHi. 3aMeTHM, 4To
pelllaTh HEPABEHCTBA BOBCe He 00f3aTeNbHO: JOCTATOYHO HAWTH KOPHH
MOJYYEeHHBIX YpaBHEHHI M INMPOBEPHUTh, KaKMe M3 HUX VIOBJIETBOPAIOT
COOTBETCTBYIOIIEMY HEPABEHCTBY. DTOT METO[ LielecoobpasHo NpuUMe-
HATh, B OCHOBHOM, €CJIH ypaBHEHHME COJEPKHUT /iBa U Ooiee MOZYIA,
a BHIDAYKEHUA TMOj 3HAKAMH MOAYJIEH ABIAITCA MHOTOWIEHAMH NEepBOH
crenend. B GompInuHCTBE ke ciydaer Oonee 3¢deKTHBHBIM SBIAETCS
TpUMeHEeHHEe PABHOCHIBHBIX TIPeofpazoBaHHil.

IMIpumep 4. Pemmre ypaBHeHHE
[2—x|—|x=5|=x+1—1|7—2x|.

Pemenne. OmnpenenuM IPOMEXYyTKH 3HAKOIOCTOSHCTBA KajkKZOTO M3
BBIPAYKEHHWH 10/l 3HAKAMM MOZYJIA, A1 HATIAHOCTH U yao6cTBa u3obpa-
3MB MX Ha OJHOH cxeme (KMpPHBIMM TOYKaMHM OTMe4deHBl HY/JIH COOTBET-
CTBYIOLMX BHIpAXKEHUIT). PaccMOTpUM 4 1yyasd, «pacKphiBad» MOAY/IH CO-
IVIACHO 3HAKaM B KaXKJJOM M3 CTONOIIOB,

2 x s — - =

2 3,5 5
D x =5, x5, _
—24x—x45 = x+147-2x, OO0 | x=5, T AHEXE S
2 3,5sx<5, 3,5£x<5,P .
— 24 x+x—5 = x+1+7-2x, OTKYAA o = eIeHHH HET.
gy L2 SE< S, 2<x<35, 5
—2+4x+x—5=x+1—7+2x, OTKYAR ) o 9 eNIeHUH HET.
4 x <2, x<2, 1
D—yipx— 5= w1 T 2%, OTKyAa e M, 3Ha4uT, X = 1.

Omeem: 1; 5.
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3amena nepemeHHOlL

Enre oquH MeTo pellieHHA YpaBHEeHUI ¢ MOJy/JeM OCHOBAH Ha 3aMeHe
nepeMeHHoI 1 ToxzecTse |a|?=a’. Kak yxe oTMeyanock, 3aa4, B KOTO-
PHIX ero 1enecoobpa3Ho UCIIOIb30BaTh, HE TAK MHOTO, IIPHYEM 4acTh U3
HHMX MOXHO PEIIUTh U JAPYTUMH criocobaMu.

Mpumep 5. Pemmre ypasuenue (x — 1) —3|x— 1| —4=0.

Pemenue. CzenaB 3aMeHy HepeMeHHOH t = |x — 1| (t = 0), momyuum
KBaZ[paTHOE ypaBHEHUe t?* — 3t — 4 =0, eIMHCTBEHHBIM HeoTpHLATEb-
HEIM KODHEM KOTOPOTO fABifgeTcA t =4, oTkyga |x — 1| =4, u, 3Hauwr,
x=-3, x=5.

Omeem: —3; 5.

HPUMBHGHHG cegmMempuyecKo20 cmsicna Moayﬁﬂ

Paccmorpum ypaBHeHue Buaa |x — b|+ |x — ¢/ =a, npu pemenuu Koto-
POro HCMONB30BAHHE TEOMETPUYECKOTO CMBICIA MOAY/IA AOCTATOYHO -
¢dexTuBHO. Pemuth ypaBHeHue |x — b| + |x — ¢| = @ — 3HauuT HalTH Bee
TOYKHA X YMCJIOBOM OCH, CyMMa DACCTOSHHIL OT Ka)/|0W M3 KOTOPHIX /10
Touek b u ¢ paBHa a. Ecu paccTosnHue Mekay Toukamu b u ¢ Gonbie a,
TO ypaBHEHHE HE MMEEeT PelleHHil. B caMoM fiene, el MPeAroNokUTh,
YTO MCKOMAS TOYKA TPHUHAIJEKUT OTPE3Ky ¢ KOHUAMH b M ¢, TO CyMMa
PacCcTOAHUI OT TAKOH TOYKH 10 KOHLIOB OTPe3Ka oKaxkeTca 6oiblie a (Imo-
CKOMBKY AJIMHA 3TOro oTpe3ka Gonbie a), a A1a 1060k ToukH, Jexaleit
BHE paccMaTPHUBAEeMOT0 OTPe3Ka, CyMMa PaccTOAHUI OyzeT ellje Goiblie.
Ewmn paccTosHue MeXAy TOYKaMH b M ¢ paBHO d, To Jobasd TOYKa OT-
peska ¢ KOHIaMH b U ¢ Gyer pellleHHeM JaHHOIO ypaBHeHWA. Eciu ke
paccTogHUE MEKIY TOUYKaMM b M ¢ MEHBIIIE @, TO 1A JH060H TOUKH OTpe3-
K4 C KOHI[aMH b ¥ ¢ cyMMa DacCTOSHHMI /10 ToUek b U ¢ 6yIeT MeHbIIe a.
TakuM 06pazoM, MCKOMAs TOYKA 0JDKHA JIEeKaTh BHE OTPE3Ka ¢ KOHIAMHA
b v c. B 3TOM ciTy4yae cyMMa pacCTOSTHHI OT HCKOMO# TOYKH 10 ToueK b u ¢
6yIeT CKIaZbIBATHCSA U3 JJIMHBI OTPE3Ka ¢ KOHIAMU b M ¢ M YIBOEHHOTO
DACCTOSIHUA OT 3TOM TOYKH 70 OaMkalimero K Heil KOHIa 0Tpe3kd. JTo
paccyx/IeHHe U MO3BONAET HAATH UCKOMEIE 3HauYeHWA NepeMeHHoit. [Ipu
OCBOEHHU MeTOfa pellleHHe MoAo6HBIX YPaBHEHMIT OCYIIEeCTBAAETCA I0-
YTH MPHOBEHHO. [l 3TOro HYKHO M300pPa3UTh YMCIOBYIO OCh, OTMETHTh
Ha Hell «KJIIueBble» TOYKH b U ¢ U paccTogHHe MeXTY HUMH.

IIpumep 6. Penmite ypaBHeHue |x — 1|+ |x —7|=24.

Pemerne. Jlia Toro 9TOGEl PENIMTH YPABHEHHE, HAMHIEM BCE TOYKH
X YMCJIOBOHM OCH, CyMMa PacCTOSHUI OT KaKJA0H M3 KOTODPEHIX Z0 Touek 1
u 7 paBHa 24. [loHATHO, 4TO Ha oTpe3ke [1; 7] UCKOMBIX ToueK OBITH He
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MOMET, MOCKOJIBKY CYMMAa PacCTOAHMI OT J0B0i TOUKM OTpe3Ka /10 ero
KOHILIOB paBHa J/IHHE OTPe3Kd, T. €. B JaHHOM CJIy4ae papHa 6. 3HAUMT, MC-
KOMEIE TOYKH JIEXKAT BHe oTpe3ka. PaccMOTPHM TOUKY, JeXallyio npasee
TOUKH 7 Ha 4McioBoit ocn. CyMMa pacCcTOFHMIT OT 3TOH TOYKHK 10 KOHLOB
OTpe3Ka CKIaABIBaeTCAd M3 JIMHEI OTPe3Ka M YABOEHHOr0 PacCTOAHUA OT
aTOH TOUKH A0 ToukH 7. Taxum obpasom, 5To yABOEHHOE PACCTOAHHE PaB-
HO 24 — 6 =18, 1 HCcKOMas TOYKa HaXOTUTCA npasee ToukH 7 Ha 18:2=9
equunn. CrefoBaTeNlbHO, MePBasd U3 HCKOMBIX To4eK: X = 16. AGComoTHO
aHaJOTHYHO TIOAYYaeM, YTO BTOPAT MCKOMas TOYKAa HAXOAUTCA Ha YHCIIO-
BOI ocu sesee Toukd 1 Ha 9 eguuwmil. CreoBaTenbHO, BTOPOE penieHne
ypaBHeHHsA: X =—8,

Omeem: —8; 16.
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3aaaqyu
1. Pemnte ypaBHEHHE
a) x?+8=(x+8)? 6) y2+5=(y+5)%
2. Pemure ypaBpHeHUe
a) (x+ 10)*=x2+ 100, 6) (z—11)2=22+121.
3. PemmiTe ypaBHeHHE
a) x*—36=(x—6)?, 6) y*—196=(y —14)°.
4., Pemure ypaBHeHHe
a) (x+9)%*=36x, 6) (z—18)*=—723.
5. Penmite ypaBHeHHE
a) Zx=72, 6) 3x=53.
6. Pemure ypaBHeHHe
a) (x—17)%>=5(x—17), 6) (y +21)2=5(y +21).
7. Pemnte ypaBHEHHE
a) %x2=6%, 6) gy2=7%.
8. Pemnre ypaBpHeHUe
a) (2x—5)2=(2x—7)?, 6) (3z+4)*=(3z+2)2
9. Pemmre ypaBHeHHe
a) (5x—9)*=(5x—9)°, 6) (5x+6)?=(5x+6)".
10. Pemnre ypaBHeHUe
a) 9x° = 36x, 6) 3z° =75z.

11. Pemrnte ypaBHEeHHE

a) (x—2)%(x—3)=4(x—2), 6) (x+2)%(x+4)=3(x+2).

12. Pemnre ypaBHeHHe
a) (x—2)(x—3Nx—4) =(x—2)x—3)(x—5),
6) (x+8)(x—2)(x+7)=(x+8)x—2)(x—3).

13. Pemure ypaBHeHHe

a) (x+8)>=36(x+8), 6) (y —1*=25(y - 1).
14. Penmte ypaBHeHHE
a) (3x+2)*=(3x+49*, 6) (4y —1)°=(4y +9)°.

15. Pemrure ypaBHeHHe

a) 2x—3Y(x-3)=2x—3)(x—3)%,

6) 5y +9*(y+9) =05y +9(y+9)>.

16. Penmite ypaBHeHHE

a) x*—5x2+4=0, 6) y*—20y%+64=0.



28 § 1. Llensle palMOHaNBHEIE yPaBHEHUA

17. Pemiure ypaBHeHHe

a) x®=(5x —4)%, 6) y'%=(2y +15)°.
18. Pemnre ypaBHeHHe

a) |5x—7|=7—"5x, 6) |7y +3|=-3-7y.
19. Pemure ypaBHeHUHe

a) [2x—3|=3x-2, 6) |7x+9|=9x+7.
20. Pemrnte ypaBHEHHE

a) |x?—3|=|x%-5|, 6) |22 +2|=|2>—4|.

21. ¥YpaBHeHHEe
a) (x—2)(x?—4x+3)=(x—3)(x*—3x+2),
6) (x—6)(x*—2x—8)=(x+2)(x*—10x+24)

1) He uMeeT KopHe#i; 2) uMeeT 1 KopeHb; 3) UMeeT 2 pa3/MYHbIX KOpPHA;
4) uMeeT 3 paznUYHBIX KOPHA; 5) UMeeT OeCKOHEYHO MHOT'O KOpHeH. YKa-
JKUTE HOMED UCTHHHOT'O YTBEPHKACHHUA.

22. Kakue U3 ypaBHeHUH He UMEeHT NOJIOKUTEIbHBIX KOPHeH:

a) 1) x*—2009x —3=0; 2) x* —3x+2009=0;
3) x2—2009x +3=0; 4) x2—3x—2009=0?
6) 1) x> —2007x —9=0; 2) x2—9x+ 2007 =0;
3) x—2007x+9=0; 4) x* —9x —2007=0?
23. YKa)xuTe HoMepa TeX ypaBHeHHMH, KOTOphie He UMEIT OTpHLATe b-
HEIX KOpHe#:
a) 1) x> —10x+30=0; 2) x*—9x+11=0;
3) x> —7x2-5=0; 4) x2—5x—29=0.
6) 1) x> —10x+29=0; 2) x*—9x+9=0;
3) x> —7x2—4=0; 4) x2—5x—28=0.
24. Kakue U3 yTBEPXKIeHUHA 0 KOPHAX ypaBHEHUA
a) x® —1935x? — 1539=0, 6) x> —9345x2—-9543=0

MCTUHHEL: 1) ypaBHeHHe MMeeT 110 KpalHel Mepe OJWH OTpULIaTeIbHBIN
KOpeHb; 2) ypaBHeHHMe MMeeT He MeHee JIByX OTpMUATENbHBIX KOPHeil;
3) ypaBHeHHe He UMeeT OTPHIATeIbHBIX KOpHEH; 4) Bce KODHH ypaBHe-
HHA OTPULIATEIbHEI?

25. Kaxue U3 yTBep:¥IeHUI 0 KOPHAX YpaBHeHUA

a) x*—5x%>—2011=0, 6) x°—3x%—1617=0
HCTHHHEI:
1) ofWH K3 KOpHEH ypaBHEeHHUA — YeTHOe YHcI0; 2) OIWH U3 KOpHEeH ypas-
HEHH — HeYeTHOe YHCJI0; 3) ypaBHeHHe He UMeeT HH YeTHEIX, HH HeueT-
HBIX KOpHEeH; 4) ypaBHeHHe HMeeT 1o kpaliHeil Mepe OZIMH YeTHBIH ¥ OJUH
He4yeTHBIH KOpHU?



TpenupoBouHas pabora 1

Penmite ypaBHeHHE.

(P —x)?—18(x*—x—2) +36=0.

(x4 2)(x+4) (x+6) (x+8)=105.

. (2 +x +16) (x? — 20x + 16) + 54x2=0.
AP (2x+1)*—2x(4x* — 1) =3002x— )%
Lxt—4x® +6x%2 —4x+1=0.

. (x=5)1%+ (2x-9)*=0.

. 3x% —13x?+13x—3=0.

x*—4x® +4x* - 64=0.
.3x3—2x2-12x+8=0.

10. x”" +7x—8=0.

11. (x* —8x%+18)* + (x* +4x +7)*=13.

=T - R B« Y N

12. Haiigure BCe mapsl (X; y) 4Mcea X U ¥, AJIA KaKI0H M3 KOTOPBIX
x2+2xy +2y% —10x — 14y + 29=0.



TpenupoBoyHas pabora 2

Penmite ypaBHeHHE.

1. |5x —3|+[3x—5|=9x—10.

2. |2x—1|—|3x—2|— [4x —3|+11=10x.
3. |x2—6x+1|=x2-9.

. |x3+5x—4|=5x+4.
.2(x—3)?—5|x—3|+2=0.
.5(2x—1)2-7|2x—1|—6=0.

. |II5x—1|—2|—3|=4.

. |x% = 10| =|x%—22].

I=T - - [« T B N

. |x? = x—5|+|x2—x—9|=10.

10. [x? 4 3x — 4|+ |x? 4 3x — 28| =24.

11. |x% — 16|+ |x +4|=x*+x —12.

12. |x2+x—20| +|x? — 11x — 28| =2|x? — 5x — 24|.
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IToT maparpad TOCBSINEH PAIMOHATBHBIM YDABHEHUAM. [10CKOMBKY
LeJTBIE YDABHEHHUS TOKE SBJISIOTCS PAIMOHATBHBIMU, TO YACTO, YTOOH He
BO3HMKJIO T[YTAHWIEl, BMECTO CTOBOCOYETAHHS «PAHOHATbHEIE YDABHE-
HHUA» HCTIOABb3YIOT CJIOBOCOYETAHME «IPOGHO-palHOHaTbHEIE YPABHEHHA»,
Ms=1 6yzeM McIIonb30BaTh 0ba croBocodeTanusa. OCHOBHAA UAeA pelIeHHA
moboro Booblie, B TOM YHC/Ie M APOOHO-PallMOHANbHOTO, YPaBHEHHA —
cBe/IEHHME €T0 K OJHOMY WIH HECKOJBKUM IpocTeHInM. HaltoMHHM, 4TO
Z1 Apo6GHO-pallMOHaNbHBIX YPaBHEHMI 110/ TIPOCTENIIMMH IIOHUMAarTCA

ypaBHeHHA BUJA % =0, rae f(x) u g(x) — MHOrOWIeHH NepBOH HMIH

BTODOJ CTENIEHH. DTH YPAaBHEHHA PEMIAIOTCA C IIOMOINBI0 YCIOBHA paBeH-
cTBa anrebpandeckoil Zpo6u Hymio: Apo6b paBHA HYMIO, €C/IH ee YHCIH-
TEJb PABEH HY/I0, a4 3HAMEHaTeIb UMEET CMBIC H He obpalaeTca B HyJlb.

Pemenure MHOTMX pallMOHaJbHBIX YpaBHEHHI OCHOBAHO Ha Y/lauHOM
IPYIIMPOBKe M TOCe/yloleM NMPUBEJeHHH CIPYNITHMPOBAHHBIX cjlarae-
MEIX K 0o6leMy 3HaMeHaTesno. B Gosee MPOCTHIX ¢Iyyasx IPYyNIIHPOBKa
He TpebyeTcs, a MHOIZA ypaBHEHME MOXXHO YNPOCTHTh, BBeJd HOBYIO
nepeMeHHYy10. [IpH pelmeHH panMoHaIbHEIX YPaBHEHHH BO3HUKAET OIac-
HOCTB TIOyYeHHA MOCTOPOHHUX PellleH i, IT03ToMYy 160 clefyeT JenaTh
IIPOBEPKY, TUO0 YKa3plBaTh HeOOXOZMMEIe OrpaHHYeHHS W CJIeJUTh 3a
MX BEIIOIHEHMEM B Xofle pelmeHuda. PasymeeTcs, IIDH PeNIeHMH palyo-
HA/IbHBEIX YpaBHEHHI HCIIONB3YIOTCI U Takue O0IIMe MEeTOZABl peleHHd
yPaBHeHMH, KaK 3aMeHa IepeMeHHOM, pas/ioKeHHe Ha MHOXXUTENU, HC-
TO/Ib30BaHHE CBOHCTB MOHOTOHHOCTH M OTPaHHYEHHOCTH GYHKIHI U T. 11

1. AsnreGpandeckue mpeoGpasoBaHuA

O,D;HP]:M M3 OCHOBHBIX CIIOCOG0B CBEIEHHWA YypdABHEHHA K OJHOMY HIH
HECKOJIBKHM l'lpOCTEﬁllIHM ABJIAKTCA anr‘eﬁpauqecxue npeoﬁpasonamlﬂ
OfHOH WK obeux ero yacTe, IM03BOIAIHE CBECTH ,apoﬁno—pauuonaﬂb—
HOE YpaBHEHHE K LEJIOMY. B HEKOTOPBIX CIy4YaAX A pelleHHA palHuo-
HaJIbHBIX ypaBHE‘HHﬁ MPHUXOIHUTCA NMPUMEHATE MCKYCCTBEHHBIC ITPDHEMBI:
pobapjieHHe W BEIMUTAHHE OAHOT'O M TOI'O K€ YHCJa M T.II.

Yenosue pasercmaa dpobu Hyn10

B kauecTBe IepBoOro IpUMepa paccMOTPHUM pellleHHe ypaBHeHud 3 ya-
cra | BBOAHOM JHATHOCTHYECKON PaboTHL.
IIpumep 1. Pemnre ypaBHeHHE
1 —4x*+4x —7x—2 _
X7 —4x5+3x2—4x—4

1.
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Pemrerue. Jpo6b paBHa HY/IIO, €CJIM €€ YHCINTETh PaBeH HYJIO, a 3Ha-
MeHaTelb UMEET CMBICT M He obpalraeTca B Hy/b. [lepeiiieM K cOOTBeT-
CTBYIOLIEH CHCTEME:

x’ —4x° +4x*—7x—2
x7—4x5+3x*—4x—4
1’ =4 +4x - 7x—2—x" +4x° — 3x*+4x +4
x"—4x°+3x*—4x—4
x2—3x+2=0,
= 7 5 2
x' —4x +3x"—4x—4# 0.

=1

= =0 &

KopHsamu ypasHenua x2 — 3x + 2 =0 apastores x =1 1 x= 2. C moMo-
1IBIO TIPOBEPKH YCTAHABIMBAEM, YTO YCIOBHIO X/ — 4x° +3x% —4x — 4#0
VAOBAETBOPSET TOMBKO X = 1.

Omeaem: 1.

PaerocunsHute npeobpasosanus

B kauecTBe mepBoro mpuUMepa pacCMOTPHM pellieHue YpaBHeHHA 4
yacTH | BBOAHON AMArHOCTHYECKOH paboTEl.

2 x—5 1
IMpumep 2. Pemwnre ypaBHEHHE P TRT w e p a e

Pemenue. PaznoxuM KBajpaTHHIE TPEXWIEHH B 3HAMEHaTENIAX Jpo-
Geit Ha MHoxuTenH. KopHamu ypaBHeHus x? — 2x — 3 = 0 ABIAIOTCA
x=—1 u x= 3. CefoBaTENBHO, 10 TEOPEME O PA3TOKEHUH KBaJPaATHOTO
TpexwieHa Ha MHOXHUTEIHU IMojJyyaeM, 4yTo X2 —2x—3=(x+1(x—3).
ITo dopmyne pasHoctH kBagpatoB x° — 1 = (x — 1)(x + 1). Kopuamu
ypaBHeHus x2 — 4x + 3 =0 sBasrorca x = 1 u x =3. (ie/0BaTeNBHO, MO
TeOpEME O Pa3JI0KEeHHH KBaJPATHOI'O TPEXWIEHd Ha MHOXHWTETIH

x> —4x+3=(x—D(x—3).
Tenepb YPaBHEHHE MOXHO IEPEINHCcaTh B BHAE

2 . - 1
GrDE-3)  G-DeE+D _ x—-DE-3)"

l'[epeHeCEM BCE (jlaraeMele B JIEBYIO 4aCTh M IIPDHEBEAEM HX K 06].“,31\"[}’
3HaMeHaTe o:
2 x—5 1
GrDG-3)  G-DGx+D _ G-Dx=3
2=+ E-HE- -+ _
R Ty TS =4,

=
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PackpoeM CKOOKH B YMCIUTENE, IIPUBEAEM MOAOOHEIE H BOCIIONb3YEMCA
yoioBHeM obpallenus Apobu B HY/b:

2x—1)}+(x—5)(x—3)—(x+1)
(x+1DH{x—-3)x—-1)

2x—24x>—3x—5x+15—x—1
(x+1}(x—3)(x—1)

2_ x> —7x+12=0,
P X =Tx+12 -0 {

=0 <

= =0 &

(x+DEx-3)x-1) — =D+ (x—3) #0.

Kopuamu ypaBHenua x> — 7x + 12=0 apnsorea x =3 u x =4. Hepa-
BEHCTBY CHCTEMEI YOBJIETBOPAET TOMBKO X =4.

Omesem: x=4.

Ilepexo0d k ypasHeHu0-ciedcmauio

IIpumep 3. Pemure ypaBHeHUe + =4x.

R
1—x2

Pemerne. B zaHHOM wiydae Hellesecoofpa3HO TPaTHTh BpeMs Ha
BBHITHUCHIBAHHE YCIOBHI CYILIECTBOBaHUA JIEBOi YacTH ypaBHeHuA. [Ipoie
npeobpa3oBaTh €e, HalTH KOPHH M BHIIOJHHUTH NMPOBEPKY. BHIMOIHMM
npeo6pa3oBaHys IEBOH YACTH YPABHEHMS:

1 _ 1 _ 1 _
1 - 1 - 1 -
- - 2
1-x* 1-x2 1-x2
1+ 1-x2 x241—x2 1 )
&2 x? x*

TlepeiizileM K ypaBHEHHMIO-CIEACTBHIO: X2 = 4x, oTkyza x> — 4x =0,
x{(x —4) =0, u, 3uaunrt, x =0 1ub0 x = 4. [IpoBepko# ybexgaemMcs, 4TO
kopeHb x =0 gBigeTca NocTOPoHHUM (IpH x = 0 JeBad 4yacTh ypaBHEHUA
He olpejeeHa).

Omsem: x =4.

Paznoncerue Ha MHo@cumenu

"

x x
x—4+2‘x2—4

I[Ipumep 4. Pemure ypaBHeHHe +3=0.
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Pemenue. [leperpynmnupyem ciaraeMele, MpeICTaBUB 3 B BUE CYMMEI
1+ 2, u c1oXuUM ITepeyio gpobkb ¢ 1, a BTopyio —c 2:

2

3
s +2 4+3—0 v gttt —4+2—0 =4
x? +x—4 _ x*+x—4 xt4x—4
o T (For) =0 e B X xRd g

BriHeceMm 3a ckoOky oOLIMI MHOXUTENb U NpHBeieM ApobU B ckoOKax
K ob1eMy 3HaMeHaTewo:;

*+x—4 xt+x—4 _ 2 1 2 Y
— +2- o =0 & (x +x—4)(x_4+x2_4)—0 =
Bt L L) »
< (x“+x 4)()6_4+x2_4 =0 &
—4+2x—8 _
= (P4 x— 4) =G )—0=>
P +x—4*+2x-12) 0
(x—4)(x2-4) e
BocnonpayeMes yenopueM obpanieHus Apobu B Hy/b:
O +x—DE+2x—12) _
-9 0%
*+x—4=0,

X’ +2x—12 =0,
(x—4x2—4) #0.
—1-4/17

Kopm:mm ypaBHeHUs x% + x — 4 =0 ABAAIOTCA X = ———— U X =

2
1+\/

KopHHMH ypaBHeHus x%+2x —12=0 apaaorea x=—1—+/13

{(x2+x—4)(x2+2x—12)=0, [
— —
x—DH*—4 #0

HXx= —1 + +13. HepaBeHCTBY CHCTEMBI VIOBJIETBOPAIOT BCE YETHIPE
KOPHSL.

Omsent: —1—2\/ﬁ’ _1+2‘/_ —+/13; -1+ /13

2. 3aMeHa nepeMeHHOMH

CeezieHue 1po6HO-PAIMOHATBHOTO YPABHEHUA K OGHOMY M/TH HECKOJIb-
KMM NPOCTeHIIMM ¢ IOMOIIBIO 3aMeHbl IepeMeHHON ABIAeTCA OJHUM M3
CaMBIX paclpocTPaHEHHEBIX CII0co00B UX pellleHud. 37ech, Kak U B cIydae
LIeJIbIX YpaBHEeHMI, IIPUXOAUTCSA UMETh [IeJIo ¢ CaMBIMU Pa3HBIMM THIIaMH
ypaBHEeHHI: TPeXWIeHHbIMH, OHOPOJHBIMHU H T. II.
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2 )2—36=0.

4
IIpumep 1. Pemnre ypaBHeHUe (%) +5 (x+ 1

2
Pemnenue. Ilycrs (x2f1) =t. Torga t = 0 u ypaBHeHHe IIPUMET BU/J

t?+5t—36=0. KopHaMmu nmociieiHero ypaBHeHHA ABIAKOTCA YyMcIa t=—9
H t =4, U3 KOTOPHIX TOJMBKO MOCHAEAHEee YAOBIETBOPSET yCIOBHIO t = 0.

2
Urak, t =4. CaenaeM oOpaTHYIO 3aMeHY: (%) =4, oTKyza i =2

2x _2x P
mbo P = —2. YpaBHeHHe e = 2 KOpHell He HUMeeT, a eJUHCTBEeH-
HBIM KOpHEM ypaBHEeHMA fl —2 apnsered x=—0,5.

Omeem: —0,5.

x*+3x+2 X
IIpumep 2. Pemure ypaBHEHHE Z—xi2 -+ Z_oxi2 1.
Pemenmne. 1. [IpoBepka moKasbIBaeT, YTO YMCIO X = 0 ABIgeTCS KOP-

HEM ypaBHEHHA.

2. Tlyctp x # 0. PazjgenuM YHCIUTeNb U 3HAMeHaTelb KaKA0H Apobu

x+3+g 1

Ha X. YpaBHeHHe INPUMET BH[I: ; + 5 = 1. Ob6osuaumm:
xX— 1+— x—2+—

Z=X+ 3 — 2. TlonyyuM ypaBHeHHe T? + — =1. IlepeHeceM Bce cara-

€MBIE B JIeB’y’lO 4acThk YpaBHEHHHA, IIPDHBEIEM HX K oﬁm.emy 3HaMeHaresmmo,
BBITIOJTHHM HEOﬁXO}L’[HMHe npeoﬁpaaonanuﬁ H pEelIMM YpaBHEHHE!

z+5 , 1 _ (z+5)z z+1 z(z+1) _
I T L S i tweed 2 &
22 +5z+z+1—2°—3 5z+1 1
z(z+1) =0 < z(z+1]_0 = BN

BepHeMcs K IIpeKHel epeMeHHOI:

2 1 2_2_ 3 -
x+s-2=-g & x+-£=0 & 5¢°-9x+10=0.

JMcKpUMMHAHT ypasHeHus 5x” — 9x + 10 = 0 MeHbIIe HyJis1, O3TOMY
ypaBHeHHe He MMeeT HM OZHOTO KOpHA. MTak, HM ofHO 4Mcio X # 0 He
ABJAETCA KOPHEM ypaBHEHH:.

Omeem: 0.
IIpumep 3. Pemure ypaBHeHHe

x+3 -9 x—3\2 _
( )+14 —15(){+1 =
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Pemenne. 1. Yucino x=23 He HBJIHeTCH KOpHeM YpaBHEHHUA.

2. Ilyets x # 3. Obo3HaunM a=— , b= [Momyuum ypaBHEHHE

x+ 1
a? + 14ab — 15b> = 0. HDCI{DJ[BKY X 75 3, To b#0. B cuiy Toro, 4ro
b # 0, moxknO pazaenuTh obe yacTH ypaBHeHus a’ + 14ab — 15b% =0

2
Ha b%: (%) +14- % —15=0. Obo3nauue z = %, NOTYYUM ypaBHEHHE

z=1
2 H
2“4+ 14z — 15=0, KOpHH KOTOPOIO:
P B [z=—15.

(x+3)(x+1)

3. BepHemca K TepeMeHHOH X: m =1,
CHEHD _ o
-~ 1x~3)
Pemum ypaBHEHHE %= 1:
et g Phax+3=x’-dx+3, o
(e—T1)(x—3) — (x—1)(x—3) £ 0 _
Pemiow ypamsese (33" = -15:

DO+ . x*+4x +3 = —15x* 4+ 60x — 45,
(x=Dx-3) — (x—1D(x—3)#0

2x2—7x+6=0, ez
(x—D(x—3)#0

Omeem: 0, 55 2.
4x?
(x+2)?

Pemenwe. JjleBas 4acTh YpaBHEHUA NpeACTaBIgeT 060 cyMMy KBaj-

IMpumep 4. Pemmrte ypaBHeHHE x%+ =5.

2x
paToB 4MCel X U 7. [Monpo6yeM JOMOMHUTL 3Ty CYyMMY 710 KBaapaTta
Pa3HOCTH, BBIYTA H3 HEC U ﬂOﬁaBHB K Hel {‘-ITOﬁbl BRIpaCHHE HE M3Me-

2x
HUIOCH) YABOEHHOE NPOM3BeIeHHe DTUX YHUCcen 2X - o [Momyunm

2x 4x? 2x
(x+2)" +2x- T2 =5.

x%—2x-

x-2—x—5 OTKYya
x+2° 77 YA

(x2+2x—2x) x“
x+2

Hamnee, ( =

=5,
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M, CJIe/JOBATENBHO,

s 2 2
(xiz) +4 xxﬁ —5=0.

x’f: =t. Torga
t>+4t—-5=0, orkyaa t =1 aubo t=—5. Eom t =1, To x’fz =1,
U x? — x — 2=0. KopHAMHM TOCIEHET0 ypaBHEHUA ABIAIOTCA X = —1
xjf:z = -5, u x? + 5x + 10 = 0. Tony4ennoe
ypaBHEHUE He MMeeT KOpHel B CWIYy OTPULIATEIBHOCTH JUCKPUMHHAHTA.

Teneps MOXHO cenaTh 3aMeHy nepeMeHHOH. IIycTs

U x=2. Eciu t = -5, To

Omegem: —1; 2.

3. IpumeHeHHE CBOMCTE PyHKIHN
PaccMOTpHM NPUMEPEl TIPUMEHEHHUA CBOMCTB QYHKUMA K pemeHu:o
Zpo6HO-pal[MOHAaIBHBIX YpaBHEHUH.

Mpumep 1. Pemure ypapHeHHe X/ + 2x = %

Pemenne. Ha kaxgoM U3 npomMexyTKoB (—o; 0) 1 (0; +) dyHKuMA
f(x) =x"+ 2x BospacTaer (kak cyMMa BO3pacTaOMMX GYHKIMIT), a GyHK-
s glx) = % y6BIBaeT. 3HAYMT, HA KAJKIOM M3 3THX MPOMEKYTKOB ypaB-
Henue f(x) = g(x) umeer He Gonee ogHoro kopHs. [Tockoneky f (1) =g(1),
monyv4aeM, 9To X = 1 — eJMHCTBEHHEIH KOPeHb Ha poMexyTke (0; +).
[Mockomeky f(—1) = g(—1), mony4aeM, uTo X = —1 — €AMHCTBEHHEIH KO-
peHb Ha IIpoMexyTKe (—oo; 0).

Omeem: —1; 1.

IIpumep 2. Pemnre ypaBHeHHe

1 = 2 £ 3 —
(x2—2x)2+1 (x—2)2+2 (x*—3x+2)*+3

3.

Pemenue. M3 nepaBeHeTs (x2—2x)2+121, (x—2)2+2=2u (x2—
—3x+2)%2+3=3 clefyeT, uTo Kaxzaasg U3 Tpex Apobeil leBoii yacTu He
6osneie 1. [ToaTOMy UX CyMMa PABHATHCS 3 MOKET TOJIBKO B CJIy4ae, KOTAa
Ka)k[asd U3 HUX paBHa 1, T.e. ecomu

02-2x)°+1=1,
o, L )
{*—3elL0P43=9
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EauHCTBEHHBIM KOPHEM BTOPOr'c YpaBHEHHMA CHCTEMEI ABAAECTCA X = 2.
OTO YMCIO0, KaK JIETKO IMPOBEPHTH, ABJIACTCA KOPHEM IIEPBOI'O H TPETLETI'O
YPaBHEHHWA CHUCTEMEI.

Omeem: 2.
Mpumep 3. Halaure kopHU ypapHenua f(x) =2, eumn x #0 u

3f@+f(1)=8x.

Pemnenue. 3aMeHHMB X Ha % B papeHcTBe 3f(x) +f(%) = 8x, 1no-
JIyIuM Bf(%) + f(x) = % YMmHO#MB o6e yacTH JaHHOTO PaBEHCTBA
3f(x)+ f (%) = 8x Ha YHMCI0 3 H BBIYTA H3 TOIYYEHHOI'O PaBeHCTBa
TIOWIEHHO DPABEHCTBO Bf(%) + f(x) = %, Haxogum: 8f(x) = 24x — %,

oTkyza f(x)=3x— % Tenepr ocTanoCchk PENIUTE YpaBHEHHEe 3X — %= 2;
OTKyZAa 3x?2 —2x—1=0. KopHaAMM TociefHero ypaBHEHHMS ABIAIOTCA

1
YHCIA X = —3 ux=1.

Omeem: —%; 1.
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3aaaqyu
PemruTe ypaBHeHue.
2.a)x2=’;2__24, 6)x2+2x—25=%.
3.0 -RE+N=233, 6 -Nu-P=1=.
4.2) & -1 -30=0, 6) = +25 —8=0.
6.y D B 6 G- _ 40
7. a) xx—22 x‘;‘2, 6) x:;S_xE;;S
8. a) 4x+% 4x;—3’ 6) 52_3_5zz—2
9. a) xx—26=x3—66’ 6) zi8=%'
10.8) 25 =575 0 & =rars
11. a) x?-xjgxl—?—4 =0, 6) zzj—zS_zl—G =0
L
13. a) (x—i)_(:;—s)=x34, 6) (y+;)_(3{+3)=y2_0r
14.0) G849 15 ) LA 20 _g
15. a) (2;:1-?)2 =%, 6 (3;: ?)2= (8;:?)2
16. a) xax 55"2=25, 6) %=9.
17. a) x*+4x= :;24, 6) y2—5y=y;:;9.
18. a) x2= ?__28, 6) z2= %
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0.0 (S28)' = (S24), o (52 (22"

|7x—5| |5y +8] _

21. a) =—==-1, 6 578 =L
[x=5)x—2)| _ =3+ _
22.8) =Ty =x—2 O T Ty =Y+l

23. 2 x+4|_ +4, 6)"‘*9 =x+9.

Ix+12|  |x—12] ly+16] _ |y—11]
x+12  x—12° y+16 — y—11"

25. VkaxkurTe HOMepa TeX ypaBHEHMH, KOTOphle He MMEIOT ITOJI0MXKH-
TETbHBIX KopHer"{

24, a) 6)

2x—7
10 5% . 5x*+29x+7 _
8) Foax =3 4 77429 %
4x—12
6) l)x +7 =—2; 2) 132(){—_4=1;
2 2
3) 4 9x =2 4) 8x"+71lx+12 =4,

S5x 12x2+4218x+71



TpeHupoBouHas pabora 3

Penmite ypaBHeHHe.
2 x—4 1

L x2—4+ 2 i2x  xi—2x
2 2 2
2°§x+22x =421x 9x‘
x*=1 x*=2x-3 x*—4x+3
3 1 L 18 ___ 18
"x?+2x-3 " x+2x+2  x?4+2x+1°
1
4.1 — =9x
e
e v
2
X 3 _
5.m+x_6+2—0.
1 2 3 6
6‘x—l+x—2+x—3_x+6'
3x \* 3x 2
7. (Hz) —8(x+2 —9=0.
2
8‘x +3x42 X 1

—x+2  X—2x+2

—_an2 2 _ )
9. (x 4) _2_3;2 16+(x+4) —0.

x-=2 —4 x+2
10. ¥ +3x= 2,
X
1 3 5 .
1. (x243x)2+1 T (x+3)2+1Jr (x2+2x—3)2+1 =2

12. Haiigure kopuu ypaBHeHua f{x)=1,ectu x#0 u

F0 +2f@) = 3x.
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OcHoBHasA Hjed pellleHUA UPPalLMOoHaIBHOTO YpaBHEHHA — OCBODOXK-
JeHUe OT UPPalMOHAIFHOCTH, K KOTOPOMY IIPHBOZAT!

® DaBHOCWIBbHEIE TIPe0Opa30BaHuA;

® TIepexo]] K YpaBHEHHIO-CIeICTBUIO (¢ ITocIeJyI0MIe MPOBePKOoH Kop-
Heli NoACTaHOBKOH HX B IaHHOE ypaBHEHHUE);

® 3aMeHa epeMeHHOH.

Kpome TOro, HeKOTOpble MppalMOHANBHEIE YPaBHEHUT MOXKHO pe-
ATk, UCIIOAB3YH Bo3pacTaHue GYyHKUMU /X U ee HEOTPHLATEIBHOCTH
IPH YETHHIX 7.

CaMasa pacnpocTpaHeHHas olMOKa NMpU pelleHUH WppalUOHalbHEIX
ypaBHeHHUH — Iepexo/] K YpaBHEHUIO-CIeACTBUI0 (T.e. IO CYTH — BO3Be-
JeHHe B KBajpar ofeux yacTel ypaBHeHud) 0e3 nociaeayiouei ITpoBepKU
MONyIUBIIUXCA KOpHeH. Tak, pemas ypaBHeHHE /X = —X BO3BEJEHHEM
obeux 4acTelt B KBaj[parT, OTyYaeM ypaBHEHHe-CIeCTBHe X = X2, [ToHAT-
HO, YTO TIPH 3TOM IPOMCXOAUT paciupenue obract onpeaenenus. Kop-
HHU 3TOorO ypaBHeHus 0 u 1. Bes NpoBepKy BTOPOE YUCJI0 MOKET OKa3aThCH
B OTBETe, XOTA IMOJCTAHOBKA €ro B MCXOJHOE YPaBHEHHE IO3BOJIAET YBU-
JleTh, YTO OHO He ABJIAETCA ero KOpHEM, T.K. IOJIy4aeTca HeBepHOe YMCIO-
BOE paBeHCTBO 1=—1.

K nosaBneHMI0 NOCTOPOHHUX KOPHEH MOJKET IPHBOAMUTE HMCIIOIb30Ba-
HME Pa3jIMYHBIX TOXAECTB, IIOCKOJIBKY JIEBEIE U IIPABBIE YACTH TOXIECTB
MOTYT UMeTh pa3Hble obacTu onpejeieHusa. PaccMoTpUM ypaBHEHUE

i i-era= Ve

UCTionb3yst TOXAECTBO +/d - Vb = Vab, TOJAYYUM YpaBHEHHE-CIeJCTBHE
v (x—1)(x+4) = V6. Bosoza o6e ero yacti B KBajipaT M pemas moiny-

uMBIIeecs B pe3yisTaTe ypaBHeHHe X~ + 3x — 10 =0, HaliieM KOpHU —5
u 1. EcyM 1IpH IpoBepKe IOACTaBIATh MX B ypaBHeHHWe-CIelCTBHeE, T. €.

B ypaBHeHHe +/ (x —1)(x+4) = V6, MOXXHO C/lenaTh OIMBOYHBI BEIBO,
yro oba 4Mcia ABJAKTCA MCKOMBIMU KOpHAMM. OfHAKO IOJACTAHOBKA
B MCXOJHOE YpaBHeHHE IO3BOIAET YBUETD, YTO KOPpeHb —5 ABIAETCA T10-
CTOPOHHMM, T.K. MMOJAYyYaeTCA He MMelolllee CMEBICIAa YUCI0BOe PABEHCTBO
V=6 v/—1= V6. IIpuunna 3TOro B TOM, YTO MCIOMb30BAHUE YKA3aH-
HOT'O TOXK/JECTBA MPHUBEIO K pacliMpeHHIo o61acTH onpeeeHUA JeBOH
YaCcTHU MCXOZHOTO ypaBHeHuA. TakuM 06pa3oM, HyKHO YeTKO TOHHUMATB,
YTO MPOBEPKY CIeAyeT MPOU3BOJUTH C IMOMOMIBI0 TIOACTAHOBKU HMEHHO
B JaHHOEe YpaBHEHHe, a He B TO, KOTOPOE MOIYYWIOCh B Pe3y/IbTaTe KaKUX-
60 npeobpazoBaHUi ZAHHOTO.
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1. AnreGpaundeckue npeoGpazoBaHus

Ypaenenus euda 4/ f(x)= %/ g(x)

IIpu pemreHyH ypaBHEHHI 3TOrO THIIA, COAEPKANIUX KOPHU HeueTHOH
CTeIleHH, Hy/XHO IOMHHTE, YTO 3TH KOPHHU M3BIEKAIOTCA U3 T1000T0 Jei-
CTBUTEJBHOrO YMc/Ia U MPUHHUMAIOT A100bIe JeHCTBUTeNbHEIE 3HAYEHH.

Tak, HampuMmep, ypaBHenue i/ f(x)= 3/g(X) paBHOCHIBEHO ypaBHEHMIO
f(x)=g(x). B ciyuae KopHeii YeTHOH CTEIIEHU HYXHO HCIOIb30BATh JI0-
6011 M3 IBYX PaBHOCHIBHEIX IIEPEX0/I0B:

2k(f{x) — 2k gx) {:;Eii : g(x),

zm'f{x) — 2 gx) < {;{(j:)) : g‘(x),

Ha IMPpaKTHKe Buﬁupae'rca TOT, B KOTOPOM HEPABEHCTBO CHCTEMBI AB-
snserca bonee ITPOCTERIM.

IMpumep 1. Pemure ypaBHEHHE

Yxzt+sx—8= {2x—1.
Pemenne. /x2+8x—8= YIx—1 < x> +8x—-8=2x—1 <

2 x=1;
X=—%

Omeem: 1; —7.
IIpumep 2. Pemnre ypaBHeHHe 6\,’ x2—2=Yx.
Pemenue. 3/x%—2= X <

" x=-1,
x*—2=x,
1:){ : = x=2, & x=2
- x>0

Omeem: 2.

Ypaenenus suda +/ f (x) = g(x)

OpnumM 13 Hauboslee pacpocTpaHeHHEBIX Tpeobpa3oBaHMii IpH pelre-
HUH UPPalMOHANBHEIX YPaBHEHUH ABNAETCA BO3BeJeHHe B KBapaT 06eHx
Jacrell ypaBHeHUA. HamoMHUM, YTO eciH obe 4acTH ypaBHEHHA HEOTPH-
LlaTelIbHE Ha HEKOTOPOM MHOJKECTBe, TO BO3BeJeHHE B KBaJpaT 00eux



44 § 3. MppauuoHaiapHble YpaBHEHMsA

yacTeil TAKOro ypaBHEeHUs He MPUBOJAUT HU K ITOTEPE, HU K IPHOOGPETEHHIO
pelIeHMiA Ha 3TOM MHOXECTBE, TO eCTh ABIAETC PAaBHOCHIBHBIM Ipeobpa-
soBanueM. [ToaTomy

glx) = 0,

v = =
fx) =g(x) £00) = 2200,

B camom gene, eciu TIpaBas YacTh YpaBHEHHUA OTPULIATENbHA, TO OHO He
MMeeT pellleHHii B CHIy HeOTPHIATEIbHOCTH JIeBOH JacTu (KBaJpaTHOTO
xopHa). Eciiu ke mpaBas YacTh ypaBHeHHUA HeOTPHIIaTeNbHa, TO BO3Bee-
HHe B KBaZpar o6eux ero gacTeil IBIAeTcd pABHOCWIHHEIM IIpeobpas3oBa-
HHUeM. B nocieaHiow cucreMy ropoi gobapndior tpebopanue f(x) = 0,
KOTOpOE COBEpLIEHHO M3JIMIIHE, TAK KaK pellleHUAMM CHCTeMEl ABIAI0TCA
Te 3HaYEHUA NMePeMeHHO, 715 KoTophix f(x) =g%(x) = 0.

B 3T0# CBA3M CTOUT BCIIOMHUTE OIpeeseHue apudMeTHYecKoro Keaj-
PaTHOro KOpHA: apudpMeTHHYECKUM KBaJpaTHBIM KOPHEM M3 YMC/Ia @ Ha-
3BIBAETCA TaKOe HeOTpULATeNbHOEe YUCIo b, KBaJpaT KOTOPOro paBeH d.
b=0,

=b2.
B OIpejie/IeHHH HeT HU CJIOBA O 3HAKe YHCIa 4: BeJb HUKAKOe OTPUIIaTelNh-
HOe a OTIpeZlefIeHHI0 TIPOCTO He YIOBIeTBOpsAeT. TeM He MeHee, HAIUINE
B cHcTeMe HepaBeHCTBa f(x) = 0 He 6yzeT H1 OIIUOKOM, HU A23Ke Heoqe-
TOM, TTIOCKOJIBKY YTBEpHAeHHE

TakuMm o6pazoMm, a=b < ObpaTuM BHMMaHHe Ha TO, 4TO

fx) =0,
Vi) =gl) & { f()=g*x),
g(x)=0

ABJIACTCA BEPDHBIM.

3ameuanue. YpapHeHHe 2”«,{ f(x)=a (n €N) npu oTpULIATENBHEIX d
pelneHuii He UMeeT, a IIPY HeOTPULIATEIBHBIX 3HAYEHHUAX d PAaBHOCHIBHO
ypasHenuio f (x) = a*' 6e3 Kakux GBI TO HH GBUIO JOMOTHUTEILHBIX YCIIO-

BMI. YpaBHeHHE 2’{,‘ f(x)=h(x) paBHOCHIBHO CHCTEME
fx) =h*"(x),
h(x) =z 0,

MpHUYEM, KaK MPaBWIO, ypaBHEHME CHCTEMBI pPellaeTcs, a HEPaBeHCTBO
MPOBEPAETCA.

Ipumep 3. Pemmre ypaBHeHue y/ 4+ 2x — x?=x — 2.
Pemenne. YpaBHeHHEe DaBHOCWJIBHO CHCTEME
4+2x—x? =x?—4x+4,
Xz 2.
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YpaBHeHHe CHUCTeMBI NMPUBOAUTCA K BUAY 2x(x —3) =0, otkyzga x =0
(3TOT KOpeHb He YOBIETBOPAET HEPABEHCTRY X = 2), Aubo x = 3.

Omeem: 3.

Ypaenenus suda \/f(x) + \/g(x) = \/h{x) U c00UMBLE K HUM
B Tom ciyuae, eciu bynkuun f(x), g(x), h(x) ABISI0TCA THHEHHBIMH,

ypaBpHeHHe \/ flx)+ \/ glx)y= \/ h(x) pemaercsa craHgapTHEIM 06pazoM:
BO3BeJIEHHEM B KBaJpaT 06erX ero 4acTeil NpH YCJIOBUH, YTO KaX/Jad U3
oTHX QYHKLMIL HeoTpUllaTeNbHa. PaBHOCWIBHOE ITpeobpa3oBanue 1A Ta-
KOro ypaBHEHMs — IEPEXO] K CHCTEME

FOI+24/ f(x)gl) +glx) = h(x),
fx) =0,
g(x) = 0.

O6paTMM BHHMMaHHe Ha TO, YTO YCJIOBHE HEOTPHLATENBHOCTH QyHKIMM
h(x) MO)XHO ONyCTWUTH: OHO C/IefyeT M3 HEOTPHIATENBHOCTH JeBOH Ya-
CTH ypaBHeHHA IIpH yoioBUAX f(x) = 0 u g(x) = 0. Ilocie Bo3BereHUA
B KBaZ[paT M IpHBeAeHHs MOA0OHEIX 6yleT MOMydeHO ypaBHEHHWEe BHUZA

v/ p(x) = g(x), xoTopoe pemaerca cnocobOM, pacCMOTPEHHEIM BEIIIE,

CoBepIIEHHO TAK JKe pelllaeTcsa YpaBHEeHHe \f fx)+ \/ glx)= \/ h(x)us
TOM CJIy4ae, eciM OUH M3 PaJMKalIoB 3aMeHHUTh YHcIoM. Eciu ke XoTa
6b1 ogHa u3 dyukumit f(x), g(x), h(x) He ABnAeTca TUHEHHON (IIpUIeM
HU Of[HH M3 PaJUKAJIOB He ABJIAETCS YMCIOM), TO OBIIero MeToja pere-
HUA TAKUX YPABHEHHH HE CYyIECTBYeT. PACCMOTPHM IIPHMEPHI PelleHHs
YpaBHEHHWH 3TOTO THIIA.

I[Ipumep 4. Pemmre ypaBHeHHe vXx+2+ vVx—1=3.
Pemenne. vx+2++vx—-1=3 &

x+242y/x+2¢y/ x—14+x—-1=9, /_+2 1=4

= {x42320, o VIAVET TR o
x=1
x—1=20
2)(x—1) = (4-x)*

(x+ )(X ) (4 x) ? {x—2=16—8X, {X=2:

< {xz1, hnd =
1<x<4 1<x<4
x<4

Omeem: 2.
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I[Ipumep 5. Peumure ypaBHeHUe

Vx+2=2+vVx—4.
x+2=4+4vx—4+x—4, ~—7=1
Pemenwme. { x> —2, = { ? =
x=z4

x=4

1

x—4=7 1
4’ L
= {x24 = X 44.

Omeem: 4%.

Ypaenenust suda f(x)-+/gx)=0

[Ipu pelrenuu ypapHeHui Buga f(x) - 1/ g(x) =0 ponyckaercs 6oib-
1I0e YUCI0 OMOO0K, CBA3aHHBIX C IVIOX0 YCBOEHHBIM IMPABWIOM pPaBeHCTBa
HYJIIO TIPOM3Be/leHHs JBYX COMHOKUTENEH: npoussedenite 08yxX COMHOMCU-
meseli pagHo HyaH0, ecill xoms 6bt 00UH U3 HUX paseH HYJIO, a 8Mopoil He
mepsaem cMblead. 0] HOCJIE,I[HEf‘I T4CTH 3TOTO YTBEPHKIECHHA 9aCTO 386]31]38-
0T, CJIeACTBHEM YET0 ABMAETCA BKIYEHHE B OTBET IOCTOPDOHHHUX I{OpHeﬁ.
Pemas Takoe ypaBHeHHe, HY>KHO IIPaBHIBHO GOpMyIHPOBATE YCJIOBHE pa-
BEHCTBA HYJIIO TPOM3BEIEHHsA ABYX GYHKIIMI 1 C TIOMOIIBIO 3TOTO YCIOBHA
nepelTH K paBHOCWIBHOH COBOKYITHOCTH

g(x) =0,

fx)=0,
gx) =0,

WIH JKe pacCMOTPETD JBa C/Iy4yas, eC/IM 3HaK COBOKYITHOCTH HE HCIIOIb3Y-
ercA. K aToii e rpyIne MoXXKHO OTHECTH 4yTh 6oJlee MPOCTHIE YpaBHEHUA

a f&) =0, paBHOCHIIbHOE CHCTEME fea=0, H ) =0, paBHO-
e g(x)_ P g(x)>0,  f(x) »P
CHJIIBHOE CHCTeMe g(X) B 0’
fx)#o0.

Mpumep 6. Peiunre ypaBHeHHe

(*+3x—10)yx+4=0.
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Pemenne. (x*+3x—10)vVx+4=0 &

: x = -5,
x“+3x—10=0,
x=2: x—2,
= x+4=20, =
x+4 =0, x=—4
x+4=0
=—4

B xauecTBe (JIEAYIOWIETO NpHUMeEpa PACCMOTPUM pelleHHe 3ajadu 5
qacTy I BBOJHOI AHarHoCcTHIeCKoi paboTHL.

IIpumep 7. Pemnrte ypaBHEHHE

(x—3)Vx2—5x+4=2x—6.

Pemnenue. HepemﬂueM JdHHOE YpABHEHHE B BHIE

(x—=3)(Vx2-5x+4-2) =0,

x=3,
OTKYIa (oTa cucTeMa He UMeeT penleH’i) U0
& { x2—5x+4>0 B
Vx?—-5x+4-2=0,
OTKya
Vx2—5x+4=2,
M, 3HAYHT,

x*—5x+4=4.
KopHaMu mocnezHero ypaBHeHHA ABIA0OTCA yrcaa O ¥ 5.
Omeaem: 0; 5.

Csoiicmea kopHell

OpHOM M3 TUMHYHBIX OIIMOOK IpH pellleHUH HPPalMOHaIbHEIX YpaB-
HeHUH fBAAeTCA HeBepHoe npeobpazoBaHMe KOPHA M3 IPOM3BeAeHHA
(qacTHOro) AByX YHKUMI B npou3BejeHHe (YAaCTHOE) KOPHEH M3 3THUX
dyukuuin 1 obparHoe npeoGpazopanue. OmMbKa 3Ta CBA3aHa C TEM,

4To 061aCTh ONpeaeneHus BrpaxeHus 1/ f(x)+/ g(x) yxke obaactu ompe-
ZeneHus BeIpaskeHHA 4/ f(x)g(x). B camoMm pene, mepBoe BEIpaKEHHE
F(x)=0,

onpefieNe o, eCIn
pe {g(x) =0.
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f(x)=0,
Bropoe BrIpaxkeHHe OIIpefeNeHo, eciIH {g )0 (B aToM ciy4ae
(x)<0,
VFg(x)=4/ F(x)1/g(x)) wm { ; (j:) <o \BoTOMCIyHae v/ Fxghka=

=4/ —f(x)y/ —g(x)). [loaToMy nocie mepexoia oT KOPHA U3 NPOU3BELe-
HUSA K TIPOU3BEJIEHHIO KOPHEH MOXKHO TMOTEPATH pelrneHus (4To6B 3TOTO
He TIPOM30IILIO, HY}KHO PaccMaTpUBaTh [BA CIydad), a IpH o6paTHOM
nepexojie BO3MOXHO NpUoOpeTeHHe NMOCTOPOHHMX pelleHMi (A4 Toro
YTOOBI UX MCKIIOYUTE, HYXKHO CAeIaTh IIPOBEPKY).

IIpumep 8. Pemmite ypaBHEHHE

x(x+3)+(x+3)1,/xxﬁ—2= 0.

Pemienune. [logKopeHHOE BHIpaKeHHE HEOTPUULATENBHO, eciu X = 0,
WIH X < —3.

Pacemorpum gga caydad. [yers x = 0.

B saTtom cnyqae

(X+3)1,/ = (x +3) =y x+3vx = /x(x+3).

O6o3HayuB mocIesHee Bhlpa}I{EHPIe yepes z (z = 0), momyunM KBagpar-
HOe ypaBHeHwe z° + z — 2= 0, eJHHCTBEHHEIM HEOTPUI[aTETLHEIM KOPHEM
KOTOporo ABIgercd uucio 1. CaenaeM obpaTHyIO 3aMeHy:

Vxx+3)=1 & x(x+3)=1 < x*+3x—1=0,

OTKyza: X = ¥
Yermouo x 2 0 yAOBIETBOPAET TONBKO X = ¥ [IycTs Temeps

x < —3. B oToMm ciyuae

(c+3)y/ 55 = (x+3)% =

= —(—(x+3))— _( —y —(x+3)vV—x=—/ x(x+3).

KBazpaTHoe ypaBHeHHE OTHOCHUTENBHO TOH JKe MmepeMeHHOH z GyzeT
UMeTh BUT 22 — 2 — 2 =0. EAUHCTBeHHEIM HeOoTpHIaTeIbHEIM KOPHEM II0-
cJIeHero ypaBHeHHUA aBideTca uuciao 2. Takum obpasom,

Vx(x+3)=2 & x(x+3)=4 < x*+3x—4=0,
oTKyza: x=—4; x=1. Yc10BMI0 X < —3 yAOBJIETBOPAET TOABKO X = —4,

—3+VI3

Omeaem: —4; gt
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2. 3ameHa nepeMeHHOH

OAZHMM M3 CaMBIX PacIpOCTPaHEHHBIX METOAOB PellleHHA YpaBHEHMIA
ABJAETCA 3aMeHa IIepeEMEHHO. ITOT METOJ MCIIONB3YETCA U AJIA HPPaLHo-
HaJbHBIX ypaBHeHHUI. Hanboee 4acTo BCTpeyaoTCs YpaBHEHH:A, KOTOPHIE
MOMHO IIPUBECTH K BHITY

af (x)+by/ f(x)+c=0

(B 3TOM ciTydae HcIoOAb3yeTcA 3aMeHa z = 4/ f(x), z = 0, nocie KoTopoi
YpaBHEHHE CBOAUTCA K KBaJ[paTHOMY OTHOCHUTENBHO %), a TaKKe ypaBHe-

HHA BHIA
& Ly \/g(x)
g(x) fox) —

X
(B 3TOM CTydae ypaBHEHHWE CBOOJHUTCA K KBaIpaTHOMY 3aMeHOM z = V %,

z>0). O6paruM BHUMaHHE HA TO, YTO IIPH IOJCTaHOBKE t = 2’{,‘ f(x) ne-
peMeHHas t IPUHUMAET TOJAbKO HEOTPHLIATe/IbHbIe 3HAUEeHMA, a TIPH MO~

cTaHoBKe t = "7}/ f{x) —mobbie peiicTBuTeNbHEIE 3HaYeHUA. Oco6BIi
BW/l MUPPAIMOHANBHEIX YPABHEHWH MPECTABAAIOT cOB0H ypaBHEHUs, CO-

Jepxaiiye peipaxkenue 4/ f"(x), 4 OCHOBHEIE TPYAHOCTH INPU PEIIEHUH
3TUX YpaBHEHMIi CBA3aHBI ¢ UX PacloO3HaBaHMWEM M NMpPaBWIBHBEIM H3BJe-
YeHHeM KOpPHA A KODHA ¢ YeTHEIM IIOKa3aTeleM: 2y f21(x) = [f ()]
(o 3Hake Monynd YyacTo 3abEIBAIOT).

TlepeiifeM K pacCMOTpPEHHIO IIPUMEPOB, HaYaB C pellleHHs 3aAadu 6
yacTH | BBOAHOM AUarHocTHYeCKoN paboTsl.

ITprmep 1. Pemure ypaBHEHHE

] u= ]_,
3= u+==4,
Pemenne. Ilyers u= H Torna i = u=3,
u>0 u>0
CrenaeM obpaTHyl0 3aMeHy
F—x
x—1_ L x =2,
= 15
3- x X =12
o gt

Omeem: 2; 1,2.
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I[Ipumep 2. Pemure ypaBHeHHe
x?2+3x+Vx2+3x =6.

Pemenue. CpenaeM 3aMeHy NepeMeHHoi: z= 1/ x? + 3x. Torza
F=+3,

2> +z=6,

= z2=2, & z=

z=0

=
z=20

Cuenaem o6paTHYIO 3aMeHY:
z 5 x=—4,
Vx*+3x=2 & x'+3x=4 < sl

Omsem: —4; 1.

3. [IpumeHeHHE CBOMCTB PYHKIIUMA

I[Ipumep 1. Pemure ypaBHeHHe

Yx-2+4/3x-5=3.

PemneHne. EfMHCTBEHHBIN KOPEHD JaHHOI'O YPaBHEHHA CPa3y MOXHO
HaWTH, 3aMEeTHB, YTO €ro JIeBas 4YacTh IpeAcTaBideT co60if MOHOTOHHO
BO3pacTaloIyIo Ha CBoei ob1acTu onpeaenelus GyHKIHIO

flx)= 3\;‘x—2+ v 3x—5.
[Mockompky f(3) =3, To X =3 — KOpeHb ypaBHEHHWA, U APYIMX KOpHeH
B CWIY MOHOTOHHOCTH $yHKUMHM f(x) ypaBHeHHe f(x)=3 He UMeeT.

Omesem: 3.
IIpumep 2. Pemure ypaBHEHHE

Vx2+3x—4+1/x3+12x2 —11x—2 = 0.

Pemnenmne. B CHIYy HEOTPHUUATEIBHOCTH KBaZApPaTHOI'O KOPHA JaHHOe
YPaBHEHHE HMMeET pellleHHA B TOM H TOJABKO TOM C/lydae, eI

9 x=1,
x*+3x—4=0,
{ (=] x=_43 P ]

x*+12x*—11x—2=0 y p
X +12x2-11x—-2=0

Omeem: 1.
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3azayu

Pemnre ypaBHeHHE.

1.a) V2x2+7=x—4,

=9
2.a) \/—_Sx_o’
25x*—36
3. e
a) T 4
4, a} (x2—16)4/3—x=0,
x*—10x+9 _
5.a) -3 =0,
6.a) vVSx+1=x—-7,
7.a) v2x—1=3x—2,
8.a) v/ (3x—5)2=4,
9.a) Vx2—10=+2x+5,

10. a) V3— 2x=2x—3,

11.a) v x2—3x4+2=—x243x—-2,
12. a) 4/x=3x+1,
2. 4
B A
VX—6__J/x—6
14.8) 57 =37=2
5 Y25
AT
16.a) /(x—7)(x—3)=+vx—7,
17.a) (x —5)vx—4vx—6=0,
18.a) (x+1)(x—6)vx—5=0,
19.a) (x—7)(x+5)v4—x=0,
4/ (x —5)(x+8)
20. a) —————==0,
4/ (x+5)(x—8)
21. a) (x—l)(x—4)(x—11]=0,

Vvx—2-3

6) V5x2—11=2x+1.

6) (y2—64)/7—y=0.

2_
6) z 5z+4_0‘

=k
6) V2z—1=2z—8.
6) /7y +2=5y—2.
6) v/ (42—9)2=7.
6) V22— 18=+5z—4.
6) V7 —2x=2x—7.
6) v x2+3x —10=—x2—3x-+10.
6) 5,/y=2y+3.
y? __25
V7+8y \J7+8y
6) VE—2_ VE=32
5z48 3z+4
6 \;’922—16=1.
V3z+4

6) V(z+5)(z-7)=vzT5.
6) (v —7)/y—61/y —8=0.

6) (z—8)(z+7)vz+3=0.
6) (x+7)(x—1)v—-5—x=0.

A (x—=7Hx+8)

6) —————==0.

A (x+73{x—8)

(z+7)(z—4)(z—18) _
Vz—2-4 B

6) 0.
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22.2) /x—2Dx-9=vZ—x, 6) /O -6 -H=/6—y.
23.a) (x+2)vVx—1=vx—1, 6)(E+7)vz—5=vz—5.
24.2) (x—DVx—7=x-9, 6 (y-2y+7=y-2.

25. a) Vx+2v2x—3=3, 6) Vx—4v/2x—7=1.



TpenupoBouHasa pabora 4

Penmrte ypaBHeHHE.

1. V/Sx+d=—x—2.

2. V2x2 —9x +4=x+2.

3. \/4x* +8x3 +6x+10=3 — 2x2.

4. Y2 —x—1=-2.

5. (3x? —7x+2)4/3+5x—2x2=0.

6. (x?+3x—10)v/2—3x=3x2+9x— 30.

L (2x2 = 7x+3) /3 +2x2 — 6x — 3=3 — 10x + 9x% — 2x°.

V3x—2—-2x+1 _
T 256x%—40x—51

~1

[e.s]

0.

x2—x—/x'—2x*+3x2 +3x+1 —0

% S5x3—6x+1

10. v/2x2—x—8=1/x2+2x—8.

11. y/x+4—4/x— /x+25—-10y/x=1.

12.3Y/2x2+3x—8=43/2x2 +3x—8—1.



§ 4. TpuroHOMeTpUYECKUE YPaBHEHUS

OcHoBHaA H/ed pelleHHA TPMIOHOMETPHYECKOrO ypaBHEHMA — CBe-
JeHHe ero K OZIHOMY WM HEeCKOJIbKMM IPOCTEHIIMM ypaBHEHMAM, T.e.
ypaBHeHMAM BHJA sinx =a, cosx =a, tgx =a, ctgx =a. Kaxjoe U3 3THX
YPaBHEHMH JIETKO pelaeTcsa ¢ IMOMOILBI0 TPUIOHOMETPHYECKOH OKpPYK-
HOCTH, Ha KOTOPOH M306pa)kaloTcs COOTBETCTRYIONIME TOUKH, TTOCTIE Yero
C Y4ETOM NEePHOAMYHOCTH TPHUI'OHOMETPUYECKHX (QYHKIMI 3aIlMCBIBAET-
ca otBeT. C OmpefeseHHOH CTeNeHBI0 YCIOBHOCTH 060e cTaHAapTHOe
TPUTOHOMETPHYECKOe YpaBHeHHe («cTaHZapTHOe» He 06:a3aTeIbHO 03Ha-
9aeT «IpoCTOe») MOKHO OTHECTH K OJHOMY M3 /IByX OCHOBHEIX THIIOB:
ypPaBHeHMsA, CBOAMMEIE K NPOCTEHIIMM C TOMOIIBIO T€X HIH HHBIX TPHUIO-
HOMETPHYECKHX Npeobpa3oBaHuil (MOHWKEHUA CTENeHH, npeobpazoBa-
HHUA CYMMBl TPUTOHOMETPHYECKHX GYHKUMI B NMPOU3BEJeHUE, BBEJICHHA
BCIIOMOraTeNIbHOTO YIVIa M /Ip.), U YpaBHeHU:A, BHavYale cBOAWMEIE K ajl-
rebpanyeckuM ¢ TIOMOLIBIO TOH WX MHOM 3aMeHBl ePeMEeHHOMH, a 3aTeM
¢ TIOMOIBI0 06PaTHOM 3aMeHEBl TIPUBOIMMEIE K OfTHOMY HWJIM HECKOIBKUM
TIPOCTeHIIM.

1. AsnreGpaundeckue mpeoGpazoBaHud
Ypasnenusi, HenocpedcmeenHo c800UMble K npocmetiuum

HaumeHee oTzajeHHbl 10 YPOBHIO CJIOXKHOCTH OT MPOCTEHIIMX TPUTO-

HOMETPHYECKHX YPaBHEeHHI ypaBHEHMA BUa
h(kx+b)=a u (h(x)—a)(g(x)—-b)=0,

rae h(x) 1 g(x) — Kakue-TO U3 YeTHIPeX OCHOBHBIX TPUIOHOMETPHYECKHX
dymmii.

Bmecto mepexoga ot ypaBHenus euga cos(f(x)) =m (rge lm|<1)
K ypaBHeHMIO f(x) = *arccosm -+ 27k, k € Z, 6riBaeT 1enmecoo6pazHO
TepeiTH K COBOKYITHOCTH

f(x) = arccosm+ 2k,

k,neZ.
f(x) = —arccosm+2nn, E

AHaJIOTMYHOE 3aMevyaHUe CIIPaBeUIMBO A ypaBHeHUd Bujaa sin(f(x)) =
=m (rzge [m| < 1). CooTBeTCTBYIOIAA COBOKYITHOCTD B 3TOM C/Iy4yae UMeeT
BU/:

f(x) = arcsinm + 2k,

k,neZ.
f(x) = m—arcsinm—+2nn,

VYpasrenue tg(f(x)) =m paBHOCWIBHO ypaBHeHHIO f(x)=arctgm + mn,
nez.
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IIpumep 1. Pemnre ypaBHeHUe

tg(2x+ %) = %

1
Peimenwue. t (2x+£)=— =
: 7)= 3
bid by 1
= 2x+5=%+n1n, n€Z; —
% o =\ V3
2x=g—7+ﬂ'n, nez; 6 -

Ilpumerenue popmyn yodsoenHozo apzymeHma
PemieHue ypaBHEHHH STOr0 THUIIA OCHOBAHO HA MPUMEHEHUH GopMyII
YABOEHHOTO apryMeHTa.
I[Ipumep 2. Pemure ypaBHeHHe sin 2x — cosx =0.
Pemenue. sin2x —cosx=0 <

& 2sinx-cosx—cosx =0 <
< cosx - (2sinx—1)=0 &

[ cosx =10 cosx =0,
= . = =
_2SH1X—1= sinxzé X
X=£+TEH,H€Z, ELS
2 2

Omsem: x=%+¢rn, nez; x=(—1)"‘%+ﬂk, keZ.

IIpeobpasosarue cymmbl 8 npoussedeHue
u o6pamnoe npeobpasosanue

Ilpu peleHMM 3TOTO THUIIA 337a4 MCIIONB3YIOTCA GopMynl mpeobpa-
30BaHUA CYMME! (pPasHOCTH) ABYX TPUIOHOMETpHUYecKUX GyHKIMIA B ITpo-
uzBefeHye 1 GOPMYIEL, TTO3BOAAIOIINE MTEPEHTH OT MPOU3BEJEHNA JBYX
TpUroHOMeTpHuecKux GYHKIMH K cymMe (pasHocTH). B kadyecTBe ITepBoro
NpUMepa paccMOTPHM pellleHHe 3a/a41 7 yacTH I BBOIHOM AHardocTuye-
cKoM paboThl.

IIpumep 3. Pemure ypaBHeHHe sin 3x + sin 4x +sin 5x =0.



56 § 4. TpUroHOMeTpHUYECKHE YpaBHEHUA

Pemenwe. sin 3x +sin4x +sin5x=0 & ¥

= ZsinxSXzsx‘cos 3x£5x+sin4x e .,

< 2sin4x-cosx+sin4 =0 &

N

PR T st

1
< sin4x(2cosx+1) =0 & \ 2
sindx =0, 4x = in, n € Z, 4.
= _ 1| __.2n
cosx =—3 x—:I:T+2frk,keZ.
Omeaem: x= %, nez; x=:|:2?}rt +2nk, keZ.
IIpumep 4. Pemure ypaBHeHHe cos3x +sin2x=0.
Pemnenue. ITockonbKy ¥

sin2x = cos(% - 2x),

h T
2
TO
c053x+cos(§ —2x) =0
—ﬁ/

X
%+x Sx—%
< 2cos cos =0 &<
2 2
[ cos(E XY = 2
cos(4+2)— >
= =
cos(s—x Z)=o0
L 2 4
[~ T X T T
- Z+§_§+m,nez,=’ X—§+2TER,REZ,
5x m_m _3m, 2nk
| == =ik, kez x=35+ 5 kel

Omeem: x=%+2nn, nez:; x=?i—g+%, keZ.

Ycnosus pasericmea dgyx 0OHOUMEHHBLX
mpuzoHoMempuyeckux gyHkyuit

VYpaBHeHHA YyKa3aHHOTO HIDKE BH7a MOTYT OHITH pelleHBl Kak pasio-
JKeHMeM Ha MHOMXKUTEeIH (C UCHoIb30BaHHeM (GOpMy CYMME! WIH Pa3HO-
CTH CHHYCOB IJIH KOCHHYCOB), TaK M C MCIIOJb30BaHHEM YCIOBUI paBeH-
CTBa ABYX OJHOMMEHHBIX TPUTOHOMETPHUIeCKUX GYHKIMII pasIUIHBIX ap-
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rymeHTOB. [IpHBEIeM COOTBETCTBYIOLUIME PABHOCHILHEIE TIEPEXO/BI:
[ f(x) =g(x)+2nn,
| f(x) = —g(0) +2mk,
[ f(x) = g(x)+27nn,
| f(x) = n—g(x)+ 27k,
[ f(x) =gx)+mn,
| O # 5+ 1k,
[ f(x) = g(x)+mn,
| f(x) # mk
(keZ, neZ).
3aMeTHM TakKJKe, YTO YpaBHEHHA BHIA

sin(f(x)) = cos(g(x)) u tg(f(x)) = ctg(g(x))

cos(f(x)) = cos(g(x)) &

sin(f(x)) = sin(g(x)) &

tg(f(x)) = tg(g(x)) <

ctg(f(x)) = ctg(g(x)) <

¢ momoupio GopMyI INpUBeZeHHS CBOIATCA Xz
COOTBETCTBEHHO K ypaBHeHHAM sin(f(x)) = 34 2 2
—sm( g(x)) U tg{f(x))—tg( g{x)). % 4
IIpumep 5. Penmite ypaBHeHHe tg6x =
=tg2x.
Pemierue. tgox=tg2x < ik 0 x
6x=2x+7mn, neZ
S 7
= cosbx # 0, = 4 3 4
cos2x # 0, R
TLIE = In
=, T nez, XE=igyn €7z,
= 6x7£§+ﬂk,kez, = x;é% , kez,
2x#£+ﬂ'm,mez x#z+—2—,mez.
Omeem: x = T, nez.

Ionumncerue cmeneHu

IIpH pelIeHMH 3aa4 3TOro TUIMA MPUMEHAIOTCA GOPMYIIBI TOHUKEHHA

. 2 1—cos2x 2 1+cos2x
CTEMEHM SIN"X = ————, COS"X = ————, TOCJI€ 4Yero ypaBHEeHHe,

KaK IIpaBWJIO, YAaeTcAd CBEeCTH K OJHOMY M3 PaCCMOTPEHHBIX paHee THUIIOB.

Mpumep 6. Pemmre ypaBHeHHE cOs> 2X + cos> 3x + cos® 4x = %
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Pemenue, cos® 2x + cos? 3x + cos? 4x=% =
- 1+cos4x+1+cos6x+l+c058x - Ya
2 2 2 2 g T
& cosdx+cosbx+cos8x =0 & 3 2
< 2c0s 4x—£8x -Cos 4x£8x +cosbx =0 <
< cosbx(2cos2x+1) =0 < \
[ cos6x = 0, —% / x
— 1 —
cos2x = -3
- 2w E
6x = %—H‘m, nez, 3 )

g
g

2% = i%"+2nk, kezZ

", an
x= 12+6’ nez,

Xi= :I:%—i—rrk, ke Z.

=T 7N P i
Omeem.x—12+ 6,nEZ,x—:I:B—i—a’rk,kez.

Pasznoxcenue Ha MHOXCUMeENU

[Ipu pelleHMM ypaBHEHWII 3TOTO THIIA HauboIee YacTo BCTPeYaio-
masaca 01[[]/161{82 AJejleHHe oﬁenx qacTei YPaBHEHHA Ha BBIpAXEHHE, CO-
Jepxaniee HEHM3BECTHYIO (T[paBPIJ'I]:HDE ,Z[ef‘ICTBHE: IIepeHoCc BCEX WIEHOB
B OHY W3 yacTell ypaBHeHHA U BhIHeceHHe obuiero MHoxuTensa). Takag
omubKa NPUBOJWUT K HEBEPHOMY OTBETY, IIOCKOIBKY TepAIOTCA KOPHH —
Te 3HAYEHHsA EPEMEHHOMH, TIPH KOTOPHIX YKa3aHHOe BRIpa)keHHue obpaimia-
€TCA B Hy/b.

I[Ipumep 7. Pemnre ypapHeHHe cos 2X = sin® x + cos® x.

Pemenue. cos2x=sin’x + cos’ x <

2 2

x = (sinx+cosx) - (sinzx—sinxcosx+coszx) =
< (cosx —sinx)(cosx+sinx) — (sinx+cosx) - (1—sinxcosx) =0 <
< (sinx-+cosx)(cosx —sinx —1+sinxcosx) =0 &
sinx+cosx =0, &y
[ cosx—sinx—1+sinxcosx =0. (2)

& cos® x —sin

Pemum (1): sinx+cosx=0 & tgx=—-1 & x=—%+fm, nez.
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Peumim (2): cosx(1+sinx) —(1+sinx)=0 &

_ sinx = —1, x=—2+2nk, k€L,
< (1+sinx)(cosx—1)=0& =
cosx=1

x=2mm, m € Z.
Omeem: —% +an,nei; —% +2nk, keZ; 2rnm, meZ.

BgedeHnue scnoMozamenbHO20 apeymerma

Pemenue 3a/la"v YKa3aHHOTO THIId OCHOBBIBAETCA Ha npeoﬁpasoBa-
HMM BBIpa)KeHMH BUAA asinx + bcosx B BHpakeHMda BHja Asin(x + ),
Acos(x+ ) ¢ MIOMOIIBIO H3BECTHOM CXEMEI.

Mpumep 8. Pemure ypaBHeHHe sin x + cosx = /2.

Pememae.lsinx+icosx=1 = ¥,

V2 V2

= sin(x+%) — 3

N

= x—l—% = %—FZTEH, nez.

Omeem: x= % +27n, neZ.

IMpumep 9. Pemure ypaBHeHHe

cos3x — sinx = v3(cos x — sin3x).
Pemenne. cos3x — sinx=+/3(cosx —sin3x) <

< cos3x+ v3sin3x = sinx+ V3cosx <

e 1

1 p V3
= §c053x+75m3x— Esmx+7cosx =

= sin(3x+%) =sin(x+%) = sin(3x+%)—sin(x+%) =0 <

—)

= Zsm(x—ﬁ) cos(zx—i- 4) =0 <

& _
X—15 =7n, n€Z, ——12+TEH,HEZ,
2x+Z=Z4nk kez = E . Tk g

o R =gt sl

T T
Omeem: x=-=+mn, n€z; x=§+
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2. 3ameHa nepeMeHHOH

3aMeHa IepeMeHHO, KaK MpaBWiIo, MO3BOJAET CBECTH TPUTOHOMET-
pHuecKoe ypaBHeHHe K anrebpandeckoMy (06bIYHO KBazpaTHOMY). Eciu
B ypaBHeHUH BHAa f(sinx; cosx) =0 (3zeck f — paumoHaibHoe anrebpa-
HYECKOE BHpa}KEHPIe) B JIEBOHM YaCTH €CTh TOABKO YeTHEIE CTeIIEHH KOCH-
HyCd, TO CJIeOYET BOCIIOIb30BATHCA PABEHCTBOM ('.OS2 x=1-— S]‘.Ifl2 X, Iociae
9ero CBeCTH ypaBHeHHe K anreGpanueckoMmy 3amMeHOH a = sinx, |a| < 1.
AHEUIDI‘H'—IHO, €C/IH B IeBOH YaCTH TaKOI'o YPaBHEHHA €CTh TOJbKO YETHHIE
CTEIIEHW CHHYC4, TO YpaBHEHHE CBOIHUTCA K aﬂreﬁpanqec:fcomy 3aMeHOH
a=cosx, |a|<1.

ORHOPOAHBIM YpaBHEHHEM 71-TO NOPAJKa Ha3kBaeTCA ypaBHEHNE BUAA

A fR O+ fTHX) g +apg 1 2(x) g2 () +... +ag-g"(x) = 0.

I/IHOP}.'[EI OAHOPOAHOE YpaBHEHHE 1n-I'0 NOPAJKa Ha3bIBaKT oauopoanbm
YpasHeHuem n-ii cmeneiL. O,I[HOpD,ZI}IDe YpaBHEHHE CBOJHUTCA K anreb-
pan4IecKoOMy YpaBHEHHIO n-# cTelMeHH Mocie AeJIeHHA obeux uvacTeii Ha

g"(x) v BBeeHUA HOBOU IepEMEHHOM t = % CrnenyeT NOAYEpPKHYTD,
4TO TIpH iefieHnH Ha g"(x) MOKeT MPOM3OHUTH MOTEPS KOPHEH ypaBHe-
HUSA, TO3ITOMY 00f3aTeNBPHON ABIAETCA MPOBEPKA TeX 3HAUYEHUH X, IPH
korophix g"(x) =0. Eciy 3TH 3Ha4YeHUA X ABAAITCA KOPHAMHU HUCXOJHOTO
YPaBHEHUSA, TO UX TAKKe CIeflyeT BKIIOYUTh B OTBET.

Cpeau BceX OJHOPOAHBIX YPAaBHEHHWH BHIAEIAIOT YpaBHEHHE BTOPOTO
TOPAZIKA, KOTOPOE CBOAMTCA K KBaJpaTHOMY YpPaBHEHMIO. B IIKOIBbHOM
MpaKTHUKe BCTPEYalOTCA TakKKe YpaBHEHHA TPETBETO MOPAAKa, KOTOPHIE
CBOAATCA K KyOuuecKkuM ypaBHeHUAM. [TociieHHe pelnaoTes, Kak IpaBu-
J10, TIyTEeM TPYIIIUPOBKH U MOWIEAYIOUIEr0 Pa3JI0KEeHNUA HA MHOMKHTEIH.
Ecmu f(x) = sinx, g(x) = cosx, To OJHOPOZHOE ypaBHEHHE BTOPOIO
TIOpSAKA UMeeT BU

asin® x+bsinxcosx+ccos’x =0

Y CBOAMTCA K KBAJIPATHOMY 3aMeHO# z = tgx (Iloc/ie JeeHns Ha cos” x)
WK z =ctgx (moc/e aeneHus Ha sin x). YpaBHeHHe

asin®x+bsinxcosx+ccos’x =d
CBOJIUTCA K OJIHOPOAHOMY C ITOMOILBIO TOXKAECTBA
d = d(sin® x + cos® x)

(uHorma Taxkoe mpeobGpazoBaHHe HAZBIBAIOT YMHOMCEHUEM HA MPU2OHO-
Mempuueckyto eQUHULY).
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OT/ebHOTO 3aMeYaHnA 3ac/y)KUBaeT YHUBepcalbHasa TPUTOHOMETPH-
YecKas MoAcTaHoBKa. Boobie roBops, 11060e TPUHTOHOMETPHYECKOE YPaB-
HeHMe BHAa f(sinx; cosx) =0 (f — pauuoHanbHoe aareGpauvecKoe Bbl-
pakeHHe) MOXKET OBITh CBEEHO K anrebpanvyecKoMy YpaBHEHHIO OTHOCH-

i - x
TeJILHO HOBOH NePEMEHHON 2= tg 5 C IOMOIIBIO ¢opmy

2tg3 La=gg g
sinx = ——~, cosx=

Lbugts? L1+tg?2

(HDBTOMY TaKad IOICTaHOBKAa M Ha3bIBAETCA YHIIBEPCEJIBHDf‘I). OTME']TIM,
YTO 3TH (l)DpMYJIbI He ABMIAIOTCA TOXAECTBaAMHM! OHH CIIPABEIJIHBBI, TOIb-

X o X
KO eCIH Cos 3 # 0. INosromy ciayvail, Korga cos 3 =0, To ecThb Korya

x=m+ 271n, n € Z, IpU pelleHUH ypaBHEHHA 3THM cCIocoboM Jor-
JKeH OBITH paccMOTpeH oTAenbHOo. EciM Takue 3Ha4YeHWA X ABIAKOTCA
pelleHMAMM HCXOJHOI'0 ypaBHeHHA (3TO IpOBepAeTca IMOACTaHOBKOM
3HauyeHUH x = + 27n, n €Z, B JaHHOe YpaBHEHME), TO UX TAKKe caeayer
BKIIOYHUTH B oTBeT. Takum 06pazoM, pellleHHe YpaBHEHMH ¢ IOMOILBIO
YHUBEPCAJIbHON TPUIOHOMETPUYECKOH IOACTAHOBKH TpebyeT IOBHIIEH-
HOI'0O BHUMAaHHA H OCTOPDOXHOCTH. KIJOME TOT'O — H 3TO CaMOe I'JIaBHOE —
JOBOJIBHO TPYIHO IIPHAYMATh YpaBHEHHE, DEIIEHHE KOTOPOI'0 BO3MOAHO
TOJBKO C IIOMOIIBEID y}H/IBepcaJIbHOf‘I TpI/II‘OHOMETpH'-IECI{DI:i IMOACTaHOBKH.
Jlpyrue cmocobbl, KaK TPaBHUIO, OKa3wBawTcsad Gonee 3b¢eKTHBHRIMU
H KOPOTKHMH. HOBTOMy PEKOMEHIOBATE HMCIIOAB30BAHHME YHHBEDCANTb-
HOH TpP]I‘DHOMETpH'-IECKDf‘I IMOACTAHOBKH B Ka4YeCTBE METOJa PENIeHHA
ypaBHEeHUH MOMKHO JHIIb CO 3HAYUTEIbHBIMH OMOBOPKaMH.

I[Ipumep 1. Pemure ypaBHeHUE
3tg?x+2tgx—1=0.

Pemenne. CrenaeM 3aMeHy tgx =a.

a=-—1,
30°+2a—1=0 & 1

a=z.

3
T
tgx=-—1, x=—z+rm, nei,
CiiefioBaTeNBHO, 1 = 1

tgx=3 x =arctg 7 + mk, k€Z.

Omaem: x=—%+ﬂ'n, nEZ;x=arctg%+frk, keZ.

Mpumep 2. Pemmre ypasHenue 4 cos® x — 2sin”x — 5 cosx —4=0.
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Pewmenue. 4cos®x —2sin°x —5¢cosx —4=0 & 6c0s’x —5c0sx —
—6=0. O603HaUMM a = cosx, 3ameTuM, 4ro |a|< 1. Torga

a= é.
6a’—-5a—-6=0 < 22
a= —§.
3HaueHHe a = % He YIOBIETBOPJET
yenopuio |a| < 1. 3uauur, Yy
_ os( 2
cosx =—3z & arcao:.( 5

= x = iarccos(—%—) +2mn, n € Z.

— I
LI BaN ~—r

/

Omsem: x == arccos (—%) +27n, x
ner.
INpumep 3. PeunTe ypaBHEHHE
7+4sinx-cosx+1,5(tgx+ctgx) = 0.
Pemenwne. O6nacts onpenenernd sinx # 0; cos x # 0. Tak kak
. s 2
__ sinx | cosx __ sin“x+cos’x _ 1
tgxcigx = Cos X - sinx = cosxsinx ~ cosxsinx’
YpaBHEHHME IPDUMET BHT:
. * —
7+2sin2x 4+ e 0;
o6oaHaunm a = sin 2x, |a| < 1. [Tonydaem
a= -3,
7a+2a*°+3=0 < 1
a=-—s5.
2
3uauenne a=—3 He YIOBIETBOPAET YCIOBUIO |a| <1, 3HAUHT, Sin 2x=— %

2x = (—1)“-(— %) +7mn, n € Z.

Omeaem: x=[—1)“-(—i—2) +%, nez.

Ipumep 4. Pemure ypaBHeHHe
2sin® x —3sinx - cosx — 5 cos? x = 0.
Pemnenwne. 3aMeTHM, 4TO Te 3HAYEHHA X, IIPH KOTOPHIX cosx =0, He
ABJIAIOTCA PEIIeHNAMHU JaHHOTO YPaBHEHHUA,

Pazgemim ofe gactu YDPaBHEHHA Ha coszx, MOJTYYIHM:

2sin®x  3sinx-cosx  Scos’x .
T 5 —2=— =0 & 2tgx—3tgx—5=0.
cos? x cos® x cosx
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Obo3HauuM a =tgx:

a

Il
bz

2¢°-3a-5=0 <

Il
|
[

-

a

x=arctg%+fm, nez,

Y

/5
arctg 5

x=—%+m‘c, keZ.

Omsem: x =arctg % +nn, n€Z;
X=—%+7‘Ek, keZ.
IIpumep 5. Pemure ypaBHeHUe

2x—14sinx-cosx+4cos’x+4 = 0.

sin
Pemenue. [TockonbKy
4 = 4(sin® x + cos® x),

TO YpaBHEHHE IIPDHUMET BHI

Y

=Y

PN

sin®x — 14 sinx - cosx +
+ 4 cos® x + 4(sin® x + cos? x) = 0,

WIH

5sin® x— 14sinx-cosx+8cos’x =0 <

& 5tg’x—14tgx+8=0

(Tak Kak 3Ha4YeHHd X, IIPHU KOTOPBIX COSX = 0, He ARAALTCA PeElIEHUAMH

tgx
tgx=2.

JaHHoro ypaBHenus). ClegoBaTebHO,

x=arctg§+ﬂ'n, nez,
x = arctg 2+ 7k, k € Z.

Omeem: x = arctg % +mn, n€Z; x=arctg2+ ntk, keZ.

Mpumep 6. Peiuure ypaBHeHHE

sin® x 4 3 sin® x - cos x — sin x - cos’

5’ 3Hauur,

x—3cos’x = 0.
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PeuieHue. YpaBHeHMe ABIAETCA OAHOPOAHBIM YpaBHEHHUEM TPETHEN
CTeneHH. 3HaYeHUA X, ITPH KOTOPBIX cos X = 0, He ABIAITCA €ro KOPHAMH.
Pasgenus ofe yacTH YpaBHEHUA Ha COS® X, OMYYHM

tg3x+3tg2x—tgx—3 =0.
[Tycre a=tgx. Torga

a®+3d°—a—3=0 @ al@@-1D+3@*-1D=0

1,
= (@-1DE@+3)=0 & (@a-D@a+D@+3)  |a=-1,
-3,
TO eCTh
tgx =1, x=%+rm, nez,
tgx=—1, < x=—%+ﬂ'n,n€Z,

tgx =—3 x = arctg(—3) + =k, k € Z.

Omeem: x=:|:% +mn, n€Z; x=arctg(—3) + nnk, keZ.

3. OT6op KopHell B TPHTOHOMETPHYECKHUX YPABHEHUSIX

Pemenue HEKOTOPBIX TPUHI'OHOMETPHYIECKHX ypaBHEHI/IfI Impearojaraer
or60p KOpHE#, YAOBIETBOPAIOUIMX TEM WIHA MHBEIM OrpaHHMYeHHAM (Ha-
NpUMep, CBA3AHHBII C OrpaHHYEHHOCTBIO CHHYCAa WIM KOCHHYyCa: TaKHe
NpUMepbl GBUIM PacCMOTPEHHl B IPEABIAVIIEM IVHKTe). B HEKOTOPHIX
VpaBHeHMAX OTOOP KOpHEH OroBOPEH B YWIOBHM WIM JMKTYETCA [0-
MOJIHATEIBHEIMH OTpaHUYEeHUAMH: 3HaMeHaTelb ApobH He paBeH Hy-
J10, BBIpaX¥EHHE II0J 3HAKOM KOPDHA YeTHOH CTeIlleHH HEOTPHIIATENBHO,
BBIpaXXE€HHE II0J 3HAKOM Jtorapm])ma MMOJIOXHUTENBHO H [D. Hckaoune Te
TOYKHM, KOTOPBIE HE€ YAOBJIETBOPAKT YCIOBHK 3aJa49H WJIH BBEIEHHBIM
OrpaHHYE€HHAM, CIEOYET 3allTMCaTh OTBET B BO3MOXHO 60.?'[8& KOMITAKTHOH
¢dopme. Jlna aToro cirefiyeT o6paTHTh BHUMAHHE HA TOYKH, ABJSIONIHECT
KOHIIAMH JHAMETPOB E,I[I/IHH'-H-IDI‘;I OKPYAHHOCTH, TOYKH, CHMMETDHYHEIE
OTHOCHTENIBHO OCH abcuuce (OHM COOTBETCTBYIOT YMCIaM +a), U TOYKH,
MONyYalIHecs MOWIeA0BaTEIbHEIMHM TOBOPOTAMH HEKOTOPOH M3 HUX Ha

OJWH U TOT K€ yT'oJl, PAaBHEINH 2?“ (p — HaTypasibHOE YHCIIO0).

IIpu TakoM nogxoAe K 0TOOPY KOpHEi MOXKHO o6oiiTHCh 6e3 penreHus
JMHEeNHBIX ypaBHEeHUH B 1IeBIX YMclIaX. JTH ypaBHEHHA UMEIOT BU7

ax+by =g,
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rae a, b, c— uenouncientHele KoagPpULMEHTH, X U Yy — LieJIOYUCIeHHbIE
HEU3BECTHBIE, U Ha3bIBalOTCA AUOMAHTOBHIMM YpaBHEHUAMH IO MMeHH
JApeBHerpeyeckoro yueHoro Juodanra, xxusurero B Il Bexe. lnopanToBbl
ypaBHeHUA MMEIOT, KaK IpaBWIo, MHOI'O pellleHWH, U M03TOMY HHOTAA
MX HAa3plBAlOT Heollpe/eleHHBIMH ypaBHeHMAMH. ManoxeHue obuero
METO/IA DEmIeHUS JHHEHHBIX AMO(GAHTOBHIX YPABHEHWH 3alMET MHOTO
MecTa (Za OHO W BEIXOAMT 33 PaMKH IIKOJIBHOH IpOTpaMMBI). 3aMeTHM
JIMIIB, YTO TIPH OTOOpE KOPHEWH TPUTOHOMETPHUYECKHX YpaBHeHHN 6e3
HCITIOJIB30BaHHA TpHPOHDMETpH'-IECKOI:i OKPYAHHOCTH 06]:1'-IHO AJOCTaTOYHO
MCIIOIb30BATh CBOMCTBA AeMHMOCTH HENBX YHCEI, H B YaCTHOCTH CBOM-
CTBa YeTHOCTH U HevyeTHocTH. [TokaxeM Ha npuMepe, KaK IIPUMEHAIOTCA
3TH CBOHCTBA.
5 sin 8x

[TycTh, HaNpUMep, HYKHO HalTH pelleHuA YpaBHEeHUA e 1. 3o

ypaBHeHHe paBHOCWIBHO CHCTEMe

sin 8x = sin x,
sinx # 0.

o 2 T 2nn
Takum obpazoM, U3 pelleHHd X = SIM U X=g + =5 YPaBHEHMA CH-
CTEMBI HYXKHO MCKJIIOUMTE 4yMciaa x =tk (m€Z, n€ Z, k € Z). Haligem

2
CHavaja, NMpHu KaKMX LeJblX m H k BeimonHserca PaBEHCTBO 7?’5“1 = mtk.

DTO PaBEHCTBO JIETKO NPHBOAUTCA K BUAY 2m = 7k. Jlepad wacTh nocaes-
HETO paBeHCTBA ABIAETCA YETHBIM YHcIoM. [lo3ToMy IpaBas 9acThb TakKe
JomkHa OBITH YETHBIM YHCJIOM, YTO BO3MOXKHO, TOJBKO €CIH k ABIAET-
¢Sl YeTHBIM YUCIoM, To ecTh k =2I, [ € Z. Ilpu atom 2m =7 - 21, oTKyzAa
m=7l. CreoBaTesbHO, Ie/Ble YUCIa BUa m = 7] Hy)KHO MCKIIOYMTH U3

A 2 "
PELIEHHH X = S Tm. Janee HaitzeM, IMPpH KaKHX LEeNbIX N1 1 k prInonHAETCA

=
paBeHCTBO % + 2% = mtk. OTo paBeHCTBO IPUBOJUTCA K BUAY 2n+1=9k.

JleBast uacThb IIOCNIEIHETO PABEHCTBA ABIAETCA HEYETHBIM YHCIIOM. TToaTo-
My IIpaBas 9acTh TaKKe JOHHA OBITE HEUEeTHBEIM YHCJIOM, YTO BO3MOK-
HO, TONBKO eCyiH k ABIAETCA HEYeTHBIM YMCIOM, To ecThb k=2l + 1, [ €Z.
[Tpu atom 2n+ 1=9(2l + 1), orkyaa Haxoaum, uyto n = 9l + 4. Cregopa-
TeJBHO, Liefkle YHeIa BUaa n= 9l + 4 Hy»KHO Takike MCKJIIOYUTH M3 pellle-
HuA. Paccyxzad aHaloruyHo, B OOJNBIIMHCTBE CIydaes NpH oTGope Kop-
He#l AeHCTBUTENBHO YAaeTCA OrPaHMYUTECA IPUMEHEHHEM CBOMCTB JIe/IH-
MOCTH LIeJIBIX YMCEJI, a He pellaTh AU0odaHTOBb YpaBHEHUA B 0611eM BH/jE
(HamoMHHM, UTO JPYTo# crocof oT6opa OCHOBAH Ha HCIOAB30BAHUU TPH-
TOHOMETPHYECKOH OKpPY>KHOCTH). B 6osiee IpoCTHIX cy4yasx AOCTaTOYHO
YMEHHA I'PaMOTHO CTPOMTE COOTBETCTBYIOLIME paccy:xAeHHA. [IpuBesem
pelleHus HEKOTOPEIX YpaBHEHHUIA.
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Ipumep 1. Pemure ypasHenue /9 — x% cosx =0.
Pemenne. /9 —x? cosx=0 <

i X =3,
=S i x = +3,
= cosx =0, < x= 5—1—91'11, nez, < .
X = =i
9-x*>0 -3<x<3 2

Omeem: +3; :I:%.

IIpumep 2. Pemmure ypaBHEHHE

(sinx—?)-\;‘ 3x2—-7x+4=0.

Pemenne. IIpousBefeHHe ABYX BbIpaKeHWUH paBHO HYJIO, €CIH XOTH
GBI OZIHO M3 HUX PaBHO HYJIIO, & JPYyroe IIPH 3TOM He TepsaeT CMBIC/a:

(smx—?)-\f3x2—7x+4=0 =
{x=(—1)"-%+ﬂ'n, nez,

sinx = 5 4
(x—1)(x—§) >0
= 3x?-7x+420, &

x=1,
3x*—7x+4=0 4
x=§.

Iockonbky 3 < <4, TO 1<%<%. TMoatomy n #0.
Omeem: {1; %}U{(—l)“‘%+ﬂ'n, nez, n#O}.
IIpumep 3. Pemure ypaBHeHHE

| cosx 4 sinx| = v2sin2x.

Pemenwue. |cosx+sinx|=+v2sin2x <

sin2x =1,
(cosx+sinx)? = 2sin’ 2x, . 1
sin2x = 0 szx:_i =
sin2x = 0

= sin2x =1 < 2x=%+2ﬂ'n, nez.

Omeem: x=%+ﬂ'n, nez.
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Mpumep 4. Pemmrs ypasHenue (2 cos” x —cosx)/—11tgx =0.

Pemrenue. [IpoHaBefeHHe ABYX MHOXKUTENEH PaBHO HYIIO, €CIH XO-
T4 OBl OAMH M3 HUX PaBeH HY/IIO, a JPYroi IpH 3TOM He TepAeT CMBIC/A.
[ToaToMy ZlaHHOE YpaBHEHME PAaBHOCHIBHO COBOKYIIHOCTH

2

2cos“x—cosx =0,

tgx <0,

cosx # 0,

tgx = 0.
1
U3 ypaBHeHHA 2 cos® X — cos x =0 momydaeM cosx = 3 aubo cosx =0 (uro
1

NPOTUBOPEYHT YCIOBHUIO cos X 7 0). PellleHUAM ypaBHEHHSA COS X = = COOT-

2
BETCTBYIOT JABE€ TOYKH eIMHUYHOI OKPYAHOCTH, OJHA W3 KOTOPBIX JICHHT

B IIepBoli YeTBepTH (M 3HAYUT, [/ Hee HepaBeHCTBO tg X < 0 He BBIIOMHA-
eTcs), a Apyras — B 4eTBEPTOH 4eTBepTH (1 Hee HepaBeHCTBO tgx <0

o e
BRIIONHAETCA U pelleHHe ypaBHeHHuA JaeTca GopMmynol x = — 3+ 27n,
n € Z). Tenepb oCTajJ0Ch BHIMMCATEH pellleHHE MPOCTENRLIEr0 TPUIOHOMET-
pUYecKoro ypasHenud tgx =0, T. e. x =7k, k €Z, u 3anmcaTh OTBET.
T
Omeem: x=—§+2:rm, neZ;, x=mnk, keZ.

26 cos® x — 23 cos x + 5

13sinx —12

Pemrenne. Jpo6b paBHa HYJIO, €CJIH YUCIHTETh paBeH HYJIIO, a 3HaMe-
HaTelIb HE DABEH HYIH0 M HE TEPAET CMBICTIA. HDBTDMY JaHHOE ypaBHEHHE
PaBHOCHJIBHO CHCTEME

=0.

IIpumep 5. PemuTs ypaBHeHHe

26 cos®x —23cosx+5 =0,
: 12
sinx # 13
Pemne ypaBHEeHHMe CUCTEMEI KaK KBaJpaTHOE OTHOCHUTENBHO COS X, HaXo-

JUM COS X = % J1bo cos x = 15—3 Ecmmcosx = %, TO sinx::l:? U HepaBeH-
CTBO Sinx # % CHCTEMEBI BRIMOMHAeTca. CAeloBaTeNbHO, X = :I:% + 271k,

keZ. Ecm cosx = 15—3, TO sinx = :I:%. B arom ciydae ¢ yyeToM Hepa-

; 12 "
BEHCTBA SINX # 13 CHCTEMEI ITOJAY4YaeM, 4YTO M3 JBYX TOYEK €JHHHYHOH

5
OKPYAHOCTH, COOTBETCTBYIOIIHMX PEIIEHHMAM YPABHCHHA COSX = 13 HYX-
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- 12
HO OCTaBHUTL TOJIBKO TV, AJA KOTOPOH SINX = —13 JTO TOYKa ‘-IeTBepTOPI

5
YeTBEPTH, U PellleHHe yPaBHEeHUs UMEeeT BUJL X = — arccos 1= + 27n, n € Z.

Omaem: x=:|:%+2nk, k € Z; x=—arccos —+21‘m nez.

Crezyromue TpH IpUMepa WLTIOCTPUPYIOT HEKOTOPEIE M3 BO3MOYKHBIX
crnoco6oB 06A3aTelIBHOrO MO YCIOBHIO 0T60opa KOpHEeH B TPUTOHOMETPH-
YeCKHMX YpaBHEHHAX: 0TOOP C MOMOIIBI0 OLEHKH, 0TOOP ¢ TIOMOIIBIO e/IH-
HHYHOH OKPY)KHOCTH, 0T6OP € MOMOIIBI0 HEPABEHCTB.

CHavajia paccMOTpUM 0T60p KOpHENi ¢ l'lOMOl.IJ.b}D OLIEHOK.

Mpumep 6. Pemmre ypaBHenue 2tg? x — +8=0 u ykaxure Te

Cos X
M3 €ro KOpHeii, KOTophle IPUHAIEKAT OTPE3KY [—5; TE] s

Pemenwne. tg”x= sin"x _ 1-cos’x 1 1. TToaTo! aBHEHHe
s B cos? x cos? x cos? x e My
MOKHO IMepenucaTs B BUjle —5— — + 6 =0. PeluuB ypaBHeHHe Kak
cos?x  cosx
1 3
KBa/[paTHOE OTHOCHTEIBHO - —, MONYYHM, YTO —— =2 WM _— =3,

1 2
OTKYJIa COSX = 7 HWIH COSX = 3 Taxkum 06pa30M, PEIEHUAMH JaHHOI'O

2

YpaBHEHUA ABJIAIOTCA BCE X = :I:% + 21k, k€ Z u x = % arccos % +2mm,
meZ.

Otbepem KOpPHU ypaBHeHHUs, IpPHHAJIeXKAIINE OTPE3Ky [_E’ TE]
M3 yucen Buga x = % + 27k, k € Z, naHHOMY OTpPE3KY IPHHAIEKHUT

JIMIIB X = % (k=0), rak kak npu k = 1 nonyuum, yro x > 27, anpu k < —1
MOIYYHUM, 4YTO X < —17T.

M3z uucen Buga x = —% + 27k, k €Z, faHHOMY OTPE3KY IIPUHA/JIERUT
JIMNIB X = —% (k=0), Tak Kak npu k = 1 moay4um, YTo X > T, anpu k < —1
TIOIYYHUM, 9TO X < —27T.

M3 yucen Buaa x = arccos 2 + 27m, m € Z, JaHHOMY OTpPe3Ky IIpH-

HaJJIEMUT JMILID X = arccos = (m 0), Tak Kak nmpu m = 1 NOIyYuM, YTO
x>2m,anpum<-—1 no.irquu, uTo X < —7L.

M3 yucen Buga x = — arccos% +2mtm, m € Z, JaHHOMY OTpPe3Ky IIpH-

Ha/IIEXUT JMIIb X = — arccos 3 (m =0), Tak Kak pH m = 1 MoJy4IuM, 4YTO
x>m,anpum<—1 HOJIyth, 4TO X < —27.

Omeem: x—:I: + 2nk, ke Z; x—:l:arccos + 2nm, m € Z;

i Ell‘f.‘f.‘l)Sg arccos % 2 =
3’ 3° 3"
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Tenepb NMPOWUIIOCTPUPYEM OTOOP KOpHEH C NMOMOIIBI0 €IHHHYHOM
OKPYXHOCTH.

Ipumep 7. JlaHo ypaBHeHUe cos(%T + Zx) =CosX.

a) Pemure ypaBpHeHue;
6) YKayKHTe KOPHM ypaBHEHHd, IpHHaAekKal|ie OTPE3Ky [ST?T, 4:rr] :

Pemenue. a) Bocrionb3oBasumick GopMysioi IpUBeAeHNUA, IepefiieM K
YpaBHEHHIO Sin 2x =cos X, OTKyzAa 2sinx cosx — cos x =0. Ilocse BEIHECE-
HHA 06IIero MHOXUTENA NoAyduM cos x(2sinx — 1) =0. 3Hauut, cosx =0

2 1
WIH sSInx = 3 Takum 06]33301\'!, KOPHAMH JaHHOI'O YpaBHEHHWA ABIAKTCA

BCE x=%+ﬂk,kez,x=%+2ﬂm, HIEZ,X=5%T+2'TEI, leZ.

6) OT6epeM KOPHM ypaBHEHH, IPUHAJ- A

S o
JIeKANIUE OTPE3KY [?;475]. Jlst aTOrO -
Ha eIHHUYHOW OKPYKHOCTH OTMETHM [y- 17w 13w
Iy, COOTBETCTBYIONIYIO JAHHOMY OTPE3KYy 6 6
(HAIIOMHMM, YTO HANpPABIEHHE «OT MEHB-
mero kK GonbIIEMy» — 3TO HAMpaBIEHHE ar

MPOTHUB YaCOBOI CTPEJIKH), H TOYKH, COOT-
BETCTBYIOIIME HAHJEHHBIM B IIPEABIIYIIEM

MYHKTE KOPHAM YpaBHEHHA. T
TaxuMm 06pazoM, KOPHAMH ypaBHEHHH, B3
TIpHHAAIEeXAMUMHA OTPE3KY [57“, 47:] , IB-
P R

Omeem: a)x=%+ﬂk,kez,x= %4—27‘5”‘[, mEZ,x=%+2ﬂI, leZ;
o 3, 126, 7

P Tl

B zaxmoueHue NnpHBeneM IpPUMEp pellleHHA ypaBHeHHUsA, B KOTOPOM
oT60p KOpHEN BHINOJHEH C TOMOILBIO HEPABEHCTB.

Mpumep 8. PemuTe ypaBHeHMe 6c0s’x — 7cosx — 5= 0. Ykaxure
KOPHHU YpaBHEHHA, PUHAaIekKallue oTpe3ky [—n; 27].
Pemenune. CpenaB 3aMeHy Y = c0SX, IIOIYYMM KBajpaTHOE ypaBHe-

2 1 5
HHe 6y“ — 7y — 5=0, KOpHAMHU KOTOPOTO ABJIAIOTCA YUCIa —5 M3,
5 " 1
YIJEIBHEHI/IE cosx= g HE HMMEEeT PENIeHHH, a4 U3 YPABHEHHA COSX = _E

HaxXoAUM x=—23+n+2ﬂk, keZ wm x= 2%: +2mam, meZ,
OtbepeM KOpHH, NpHHAJNEXKAIHe OTPe3Ky [—m; 27|, pemuB Hepa-

z—ﬂ—I-ZTEkéZTE,kEZ,H —ﬂ$2£+2ﬂm52ﬂ, meZ. Us

s
BEHCTBa — 7T % 3 3
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HEpaBeHCTBa — 7T < —z—ﬂ + 21k < 27 nonyyaeM —% <k< 4§. 3nauurt, k=0

Hx=—23,31}160k lux= 4% I/ISHepaBeHcma—ﬂ'é%r+2ﬂm£2ﬂ'
HDJ]Y'—IEIEM—EH <§ 3nauutT, m=0u x= 2“.
=27 . _2n. 27 4n
Omsem.x—:l: 3 +27rn,n€Z, 353573

4, IlpuMeHeHUe CBOMCTB PYHKIHIA

Pemenue HEKOTOPBIX TPUI'OHOMETPHYECKHX ypaBHeHHFI OCHOBAHO Ha
CBOHCTBe OrpaHHMYE€HHOCTH CHHYCa M KOCHHYCA.

Mpumep 1. Pemure ypasuenue sin'® x4 cos'® x=1.

Pemenme. [Tockombky sin®x + cos?x =1 u sin' x <sin® x, cos'% x <
<cos?x, To
sin'® x + cos'® x < sin® x + cos? x,
TO ecThb

in'% x + cos'™ x 4.

PaBeHCTBO JlOCTHUraeTCsd, TOABKO eCiik OJHOBPEMEHHO BHIIIOJTHEHBI YCJI0-
BMA:

sinx = 0, sinx =0,
sin'® x = sin? x, sinx =1 cos’x =1,
= =
COSIUU x = COSZ x cosx = 0’ COsSXx = 0,
cos’x=1 sin?x=1
= x= E, nez.
2

Omeem: {%, HEZ}.

I[Ipumep 2. Pemure ypaBHeHHe sin 5% =x?—4x+5.

Pemenne. Paccmorpum dymkimMio y = x2 — 4x + 5. Vmeem y =
=(x—2)>+1uy=>1 npu mobom x €R, HO smsT 1 npu mobom
X. YpaBHEHHE MOXKET UMETh PellleHUs, TONBKO eCTH

(x—2%41=1, =7, X
= = x=2.
sin 5% =1 sin 5% =1

Omeem: {2}.
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Mpumep 3. Pemmte ypaBHeHHE c0s 2X + c0s(2v/2 x) =2.
Pemenue. cos2x+cos(2v/2x)=2 <
2x =2nn, n € Z, xX=mn, n €z,
=
2V2=2nk, keZ, V2x =k, k € Z.

Ecmnn=0, To x =0 — pemneHre CHCTEMEL.
Ecmun#0, o x #0.

Torga % = z—ﬁ TO ecTb V2 = % V2 — HppauHuoHanbHOe, % — pauu-

OHaJABHOE YUC/I0. PapeHCTBO HEBO3MOXKHO. [IpH n # 0 peleHuMii Her.
Omeem: {0}.
IIpumep 4. Pemure ypaBHeHUe

>+ 4xcos{xy)+4=0.

Pemerune. PaccMOTpMM JaHHOE ypaBHEHHE KaK KBapaTHoe. JJHCKpH-
MHHAHT YpaBHEHHA paBeH

D = 16 cos?(xy) — 16 = 16(cos”(xy) — 1) = —16sin”(xy).
ypaBHF.‘HPIe HMEEeT pelleHHe, eCJIH
—1651'112(13/) =Z0 & sin{xy) =0 & xy=nn, n€Z.

Toraa mpu n=2k+1, k€Z: cos(xy)=—1ux?—4x+4=0 < x=2.
Ananoruyso npu n=2k, k€ Z:

cos(y) =1, x*+4x+4=(x+2)>=0, x=-2.

Nmeem
x=2, x==3
xy =2nk, k € Z, y=rmnk, keZ,
=
x=_2, x=2}
{Xy=(2k+1)ﬂ',k€Z, {y=—n(k+%),kez,

Omeem: {(—2; —7n) |n EZ}U{(Z; ﬂ'(k—i— %)) IkEZ}.

5. YpaBHeHwus, coaepkaine 06paTHbIE TPUTOHOMETPHYECKHE
dbyaroun
3ajgauu, CBA3aHHBIe ¢ OOPaTHEIMH TPUTOHOMETPHYECKUMH (GyHKIM-
fAIMH, 4aCTO BEI3HIBAIOT ¥ MIKOJIBHUKOB CTapIIMX KJIACCOB 3HAYMTEIbHBIE
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TpyAHOCTH. CBA3AHO 3TO IPEX/e BCErO C TEM, YTO B AeHCTBYIOIIHX yyeb-
HHKaXx U yuyebHBIX MocobUAX NMoA0OHBIM 3a/a4yaM yendeTcs He CIHIIKOM
60o/bIII0e BHUMaHHE, U eCITH C 33a4aMH Ha BRIYMCIeHHe 3HaYeHHi o6paT-
HBIX TPUIOHOMETPHYECKUX GYHKIMI yyalyecs ellle Kak-To CIpaBIAioTcs,
TO YpaBHEHHS M HEPABEHCTBA, coZiepykallpe 3TH GYHKLUMH, HEPEJKO CTa-
BAT UX B TymHK. IlociefHee HEyIUBUTEIBHO, MOCKOIBKY MPAKTHUECKH
HU B OZHOM yuebHMKe (BKIIOUas yIeOHUKH 7S KIACCOB C YIIyOIeH-
HEIM H3yYeHHEM MATEMATHKH) He M3/]araeTcsd MeTOAMKA DelleHHs HaKe
MPOCTEHIINX YPaBHEHHH M HEPABEHCTB TAKOro poaa. MaTepuam 3TOrO
MyHKTa, MMOCBAMIEHHBIH METOJaM pEeNIeHWs YPABHEHMMH, COZEepPIKAMMX
obpaTHBE TPUTOHOMeTpHYecKHe (QYHKUMH, NMPHU3BaH B KaKOH-TO Mepe
BOCIIOJIHUTD CYLIECTBYIOIIME TIpobet.

Buauase HallOMHUM BajkHekIlIMe CBOMCTBA 0OpaTHBIX TPUTIOHOMETPH-
YeCKUX PYHKLUMA.

1. ®yHKUMA Yy = arcsinx olpejiesieHa ¥ MOHOTOHHO BO3pAacTaeT Ha OT-
peske [—1;1];

arcsin(—x) = —arcsinx; E(arcsin) = [—%; %] .

2. OyHKIMA Y = arccosx ope/iesieHa ¥ MOHOTOHHO yOBRIBA€T HA OTPE3-

ke [—1; 1];

arccos(—x) = m—arccosx; E{arccos) = [0; «].
3. OyHkIuA y = arctg x omnpejeieHa © MOHOTOHHO BO3pacTaeT Ha R;

oI

arctg(—x) = —arctgx; E(arctg) = (_E; 5 )

4. Gyukuua y =arcctg x olpejeseHa U MOHOTOHHO yOriBaeT Ha IR;
arcetg(—x) = m—arctgx; E(arcctg) = (0; 7).

. m (s

5. arcsin x + arccos x = 55 arctgxtarcctgx=-.

CpolicTBa MOHOTOHHOCTH M OrPaHWYEHHOCTH ABIAIOTCHA KIIOYEBBIMH

TIPU PelleHMH MHOTHX YPaBHEHUH, cofiep:Kalux o6paTHEIE TPUIOHOMET-

puueckue byHKimH. [lepeliieM K pacCMOTPEHHIO METO/IOB PEIIeH A STHX
YpaBHEeHHH.

Ypasuenus, nesas u npasan yacmu KOMopsLX ASAAOMCA 00HOUMEHHbLMU
obpamubLMU MPUOHOMEMPUUECKUMU HYHKUUAMU

Peinrenyve ypaBHeHHIH, 1eBasg M NpaBas YacTH KOTOPHIX IIpe/CTaBiIIoT
cob0ii olHOMMEHHbBIe 0OpaTHbIE TPUTOHOMETpHYecKHe QYHKIINN pas3iiid-



§4. TpUroHoMeTpHUYeCKHe YpaBHEHHA 73

HEIX apryMeHTOB, OCHOBEIBAETCA NMPEXK/e BCEro Ha TAKOM CBOMCTBE 3THUX
GYHKLMIA, KaK MOHOTOHHOCTb. HanmoMHMM, 4TO GVHKIMH ¥ = arcsint H
y =arctgt MOHOTOHHO BO3PacTaoT, a GYHKLMM Y = arccost U y = arcctgt
MOHOTOHHO YOBIBaIOT Ha CBOMX o6yacTax onpejeneHud. [loaTtoMmy crpa-
BEAJIMBEI CJEAYIOUME PaBHOCHIBHEIE ITEPEXO/EI.

Fley=gl%); {f(x) =g(x),

1. arcsin f () = aresing (x) < {If(x)lsl HOIS!

fx)=g(x), {f(x) =g(x),

2. arccos f(x) =arccosg(x) & { |f{X)|‘-(-. 1 |g{x)|-.€ 1.

3. arctg f(x) =arctg g(x) < f(x)=g(x).

4. arcctg f(x)=arcctg g(x) = flx)=g(x).

3ameuanue 1. Kaxoif u3 AByX paBHOCWIBHEIX CHCTEM IO/Ib30BaThCA
TpH pElIeHHH ypaBHeHMi 1 1 2, 3aBUCUT OT TOro, Kakoe HepaBeHCTBO

npoue: |f(x)| <1 (Toraa ucrnoib3yeM NepByio cucTeMy), Wi |g(x)[ < 1
(B 3TOM CJIy4de UCMONIb3YeM BTOPYIO CHCTEMY).

INpumep 1. Pemnts ypaBHEHHE
arcsin(3x? — 4x — 1) = arcsin(x + 1).

Pelnenue. YPEIBHEHHE‘ PaBHOCHJIBHO CHUCTEME

=2
3x?—4x—1=x+1, 3x*-5x—2=0, _1
x+1] <1 +1] <1 *=73
[x+1] <1
s w=-L
Omsem:{—%}.

3ameyanue 2. PemaTh HepaBeHCTBO CHCTEMEI, BoobIIe roBops, He
obs3arenbHO. JlocTaTOYHO NMPOBEPUTD, YIOBIETBOPAIOT M HEPABEHCTBY
Hali/leHHble KODHHM YPaBHEHMA, KaK 3TO M ObUIO C7leIaHO NP PelieHUH
npuMepa 1.

IIpumep 2. PemiuTh ypaBHEHHE

arccos(4x? — 3x — 2) + arccos(3x> — 8x — 4) = .
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Pemenue. Tak kak 7 — arccost = arccos(—t), To UMeeT MecTo caeny-
o11as UeloyKa paBHOCHIBHBIX IpeobpazoBaHMii:
arccos(4x? — 3x — 2) = m — arccos(3x% — 8x — 4) <=
& arccos(4x? — 3x — 2) = arccos(—3x>+8x+4) <
4x2 —3x—2= —3x2+8x+4, 7x—11x—6 =0,
{|4x2—3x—2|£1 = {|4x2—3x—2|$1
x=2

_ 3 _ 3
= X=-3 =S x = 7

[4x%2—3x—2| <1
3
Omesem: {—7}.
AnajioruyHEle paBHOCWIBHEIE IIpeoOpa3oBaHua HCIONb3YIOTCA U IIPH
pelieHHH 3a7ja4y ¢ TlapaMeTpaMH.
IIpumep 3. PemuTh ypaBHEHHE C TapaMeTPOM d:
arcsin(ax? — ax + 1) + arcsinx = 0.
Pelienue. YpaBHeHUe PaBHOCHJIBLHO YPaBHEHUIO
arcsin(ax? — ax—1) = —arcsinxy <
& arcsin(ax® —ax — 1) = arcsin(—x) <
ax’—ax—1=-x, ax’—(a-1)x—-1=0,
|[-x|<1 |—x| < 1.
PaccMoTpuM /iBa caydas:
1) a=0. B aTom ciyuae cucTeMa IpUMET B!
x—1=0, 1
— x= 1.
x| <1

2) a#0. B aTOM ciydae ypaBHeHUE CHCTeME! ABSeTCI KBaPaTHBIM.
Ero xopHu:

x1=1 nu x2=—%.
Tak kak |x| <1, T0
|—§‘s.1 o a1

Eemm a=—1, 10 x=x;=1. Ecym a € (—; —1) U[1; =}, To ypaBHeHHE
HMMeeT JiBa KOpHA.

Omeem:nipua € (—ow; —1)U[1; o) X=1HX=—%;HPH(I=—1H(I=O
Xx=1; Ipu NPOYUX d peNIeHHii HeT.
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YpasHenus, iegas u npagas 4acmu KOMOopsLx A8JATHMCA PAZHOUMEHHBIMU
06pamubMU MPUOHOMEMPUYECKUMU PYHKUUAMU

IIpu pelreHHUH ypaBHEHUIA, TeBas U MpaBas YacTH KOTOPEIX ABIAIOTCA
Pa3HOMMEHHBIMH OOpaTHEIMH TPUTI'OHOMETPHYECKUMH GYHKIIMAMH, TI0Th-
3YIOTCS M3BECTHBIMHM TPUTOHOMETPHYECKHUMH TOXKIECTBAMH. 3Ta TPyIna
3a/lay ABIAETCA YyTh Hojlee CIOKHOM 110 CpaBHEHHIO ¢ Npeablayiei. [Ipu
peleHHM MHOI'MX ypaBHeHHH Takoro poja beiBaer 1enecoobpasHo He 06-
CY/KAaTh BOIPOC O PaBHOCWIBHOCTH IIpeobpa3oBaHMil, a cpa3y Iepexo-
JUTE K YPaBHEHHIO-CJIEZICTBHIO U IOCJIe €ro pelleHus JeaTh HeobXoau-
MYIO MPOBEPKY. PaccyeHus 3ech MOTYT OBITh IPUMEPHO CIIEAYIOLMMH.
[Tycth Tpebyerca peltuTh ypaBHeHHe arcsin f (x) = arccos g(x). [Ipeamno-
JIOXUM, UTO X — pelleHue 3Toro ypapHeHuda. ObozHauuMm arcsin f(x,) =
=arccos g(x,) uepes a. Toraa sina = f(x,), cosa=g(x,), oTkyaa f(x,) +
+ g%(x) = 1. UTax,

arcsin f(x) = arccos g(x) = f2(x)+g%(x) = 1. (D
Paccyxias aHaJ0THYHO, MOXKHO ITOJIYIHUTh CIIEAVIOLIMe TePEeXo/bl:
arctg f(x) = arcetgg(x) = f(x)gx) =1 (2)

(ucnonnpzopaHa popmyna tgactga=1);

arcsin f(x) = arcetgg(x) = f2(x) = gz(xﬁ 3)
(ucnonszopana popmyna sina= ctggﬁ);

arctg f (x) = arccos g(x) = fz(xﬁ = g%(x) C)]
(ucnonbzoBana popmyna cos? a= tgzaﬁ);

arcsin f(x) = arctgg(x) = f 2(x) = gzg;% (5)
(ucnonszopana popmyna sin®a = tggg:i 1 );

arccos f (x) = arcetg g(x) = f2(x) = % (6)

ctg?a

2
ucroap3oBana Gopmyna cos® a=

( thop cgla+1

).
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Ykazanue. KopHeM kaxaoro U3 ypapHenui (1)—(4) moxkeT GBITH TOJIb-
KO Takoe YMCIO Xy, A KoToporo f(xg) = 0 u g(x,) = 0. B nporuBHOM
cay4yae MHOXKECTBO 3Ha4YeHUi JeBoi W NpaBoii yacTell ypaBHEHUA He Ile-
peceKarTcA.

I[Ipumep 1. PemiuTs ypaBHeHHE arccos 7x1-13- 3 arcsin %.

Peinenue.

7x+5 . 4x+1 O r7x+5V2 | (4x+132
arccos —yz— = arcsin —j5— = ( 13 ) +( 13 ) =l
x=1,
& 65x*+78x—143 =0 < 143
T 65
143
Kopenp x=— &5 ABIACTCS IOCTOPOHHUM.
Omeem: {1}.
Mpumep 2. PemuTth ypaBHEHHE arcsin % =arcctg %
Pemenwne.
. 4)
'clrcsu"LM = arcctg 4/ 2 = SR =
2 x+1 4 {oios
x+1
1
2 X=—igy
= x*+7x+2=0 <
x=-2
Kopenb x = —2 aBiseTcs MIOCTOPOHHHM.
f X
Omeem: { 3}.

pumep 3. Pemuts ypaBHeHHe arctg (2sinx) = arcctg(cos x).
Pemenue.

. (2) .
arctg (2sinx) = arcctg(cosx) = 2sinxcosx =1 &
T

4+rm, nez,

& sin2x=1 & x=
_ T
x= Z+27m1, n, € Z,

x = %ﬂ'+2ﬂn2, n, € Z.

5
Kopuu BHaa x = = + 21n,, 1y € Z, ABAAKTCA TOCTOPOHHHMMH.
4 2 2

Omeem: {x= % +27mn, |n, € Z}.
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[lpu pelleHWH ypaBHEHMI AAaHHOTO TUIIA, COAEPXKALIMX IapaMer-
PHl, CTAaHOBUTCA aKTyaJbHBEIM BOIPOC O PaBHOCWIBLHOCTH Ipeobpa3oBa-
Huii. Yrobs npeobpasoBanud (1)—(4) caenaTs paBHOCWIBHEIMM, CleayeT
YVYECTh €CTEeCTBEHHBIE OIpAHMYEHMHA, CBA3aHHBIE ¢ obnacTaMM olpefe-
JleHHA 0OpaTHBIX TPUIOHOMETPHUYECKMX (VHKIMHA M MHOXECTBAMU HX
3HaueHuit (cM. 3ameuyanue). Tak, HanpuMep,

A+ =1,
arcsin f(x) = arccosg(x) < 1§ f(x) =0,
glx) = 0;

fgk) =1, - {f{x)g(x)=1,

eI ) =gl {f(x) >0 g(x) > 0.
IIpumep 4. PemnTh ypaBHeHHe ¢ IapaMeTpoM a: arcctg(x — 2a) =
=arctg(2x —a).

Pemenue. /laHHoe YpaBHEHHE PABHOCHWIBHO CHCTEME

(x—2a)(2x—a) =1, es 2x2 —5ax+2a>—1=0,
x—2a>0 x > 2a.

I'padukoM kBazpaTHOro TpexuneHa f(x) =2x%—5ax + 2a? — 1 apnsercs
napa6osa, BeTBU KOTOPOH HalpaBieHsl BBepX. [lockonbpky f(2a)=-1<0,
TO TpH n060oM a ypaBHeHue f(x) =0 HMeeT POBHO 2 KODHA, MEKIY KO-
TOPEIMH U 3aKmoueHo yucio 2a. [ToaTomy Tonpko 6oab1nii KopeHs f(x)

S5a+4/9a*+8

YAOBIETBOPAET YCIOBHIO X > 2d. OTO KOPEHD X = 7

S5a+4/9a*+8

Omeem: TIpH 1106OM a@ x = 7

3amena nepemeHHOl

Hexotopele ypaBHeHMA, cojepxaiiye obpaTHEe TPUrOHOMETpHYE-
ckHre GYHKIMH, MOXHO CBECTHU K anrebpanyeckuM, cAenaB COOTBETCTBYIO-
1Yo 3aMeHy nepeMeHHOH. [IpH aToM cie/yeT MOMHUTE O €CTECTBEHHBIX
OTPaHHYEHHAX Ha BBOJUMYIO NepeMeHHYI0, CBA3aHHBIX C OI'PaHUYeHHO-
¢ThI0 06paTHEIX TPUIOHOMETPHYeCKUX GYHKIIHIA.

Mpumep 1. Pemuth ypapHenue 12 arctg? % = (311 +5arctg %)



78 § 4. TpuroHoMeTpUyeCcKHe ypaBHEeHMA

Pewenne. O603Ha4YUM arctg;—c yepes t; —% <t< % [Tocte npeobpa-

30BaHHUI MOIYYHUM YpaBHEHHE

fmile
122 -5t —312 =0 <
pmel
5
Iockomeky —% <t< %, nmojay4daem t = —%, OTKyza arctg% = —% =

= %:—ﬁ(:)x:—z\/i

Omeem: {—2v/3}.

WHorza cBecTH ypaBHEHHWE WIH HEPaBeHCTBO K aiarebpanueckoMy
MOHO C MOMOIIBIO TOXECTBA arcsinx +arccosx=% (Jx| £ 1). B ka-

4yecTBe NpHMeEpa paccMOTPHUM pelleHHe 3aZadd 8 AuarHOoCTHYecKOH
pa6oTsr 1.

Ipumep 2. Pemuts ypasHenue arcsin x (4 arcsin x + 3 arccos x) = n2,
a: T .
Pemienne. 3arcsinx +3arccosx=3- ok O6o3HaynM a = arcsin x, r7e

JT. T
ae [_5’ E] . Torma

T
a= =,
a(a+37ﬂ)=ﬂ2@a2+37ﬂa—ﬂ2=04:) 2
a=-2m.
- T . b i 1
Takum obpasom, arcsinx = 7 » TIOCKOMBKY E(arcsin) = -3 E] . 3Ha4mT,

x=1.

Omeem: x=1.
2

2 T
I[Ipumep 3. PemuTh ypaBHeHHe arcsinx arccosx = 15
Pemenue. /lanHoe ypaBHeHHEe PaBHOCWIBLHO CJIeYIOMEMY:

2
" T i T & "
arcsmx(a — arcsin x) =3B < 18 arcsin® x — 9 arcsinx + 72 = 0.

[lyeTs aresinx =t, |t| < % Torza

T
t= 3
182 —9nt+n2 =0 < =
t= !
[Toaromy
: 7T _ 1
aresinx = 3, X=73,
=
i 0 V3
aresinx = x=32

~[S
“—.v—"

El

b=

Omeem: {
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Ipumerieriue ceoticme Pyrryuil

PemieHre HEKOTOPBIX YpaBHEHHH, coaepkalux oOpaTHBIE TPUIOHO-
MeTpHYECKHe QYHKIIMM, OCHOBBIBAETCH MCKIIOUHTENBHO Ha TaKHX CBOWM-
CTBaxX aTHUX (PYHKIMIL, KaK MOHOTOHHOCTh M OTPaHHYEHHOCTb. [IpH 3TOM
HCIIOIBb3YKTCA CIIEeIVIONINE TEOPEMBI.

Teopema 5.1. Ecau @ynxyua y = f(x) mMOHOMOHHA, Mo ypasHeHUe
f(x)=c (c=const) umeem He 6onee 00HO20 peteHUs.

Teopema 5.2. Ecau ¢yukuyusa y = f(x) moxnomonHO 803pacmaem, a
@ynxyua y = g(x) moHomonno ybsieaem, mo ypasHeuue f(x) = g{x)
umeem He 6o.Jiee 00HO20 petLieHUsL

Teopema 5.3. Ecau mgnf(x) =r= mXaxg(x) {c =const), mo Ha MHO-
scecmae X ypasHerue f(x) = g(x) pasHocunbHo cucmeme {-;((;C))fz’
Mpumep 1. Pemuts ypaBHeHUe 2 arcsin 2x = 3 arccos x.

Pemenune. Oynkuua y =2 arcsin 2x ApafeTcd MOHOTOHHO BO3pacTalo-
nieit, a GyHKIMA y = 3 arccos X — MOHOTOHHO y6riBaloeii. HYucno x =0,5
ABIAETCA, OYEBH/IHO, KOPHEM JJaHHOIO ypaBHeHUA. B cuny reopeMsl 2 3TOT
KOPEeHb — eJIMHCTBEHHBII.

Omeem: {0,5}.
Ipumep 2. Pemnrs ypaBHeHUe

arctg v x2+x+aresin V x2+x+1= %

Pemenwme. ITyctb x%+ x =t. Toraa ypaBHeHHe TIPUMET BUJ

arctg Vt+arcsin y/ t +1 = %

bynximu z = \/E, g=+t+1, y=arctgz, y =arcsinz ABIAI0TCI MOHOTOH-
HO BoapacTaIuMu. [ToaToMy GyHKIMA ¥ = arctg /T + arcsin v+ 1 Tak-
JKe ABAAETCA MOHOTOHHO Bo3pacrampmiei. B cuny TeopeMs 1 ypaBHeHHe

arctg /t + arcsin vVt + 1= % umeeT He Gonee ogHOro KopHA. QueBHIHO,
uyTo t =0 ABIAETCA KOpPHEM 3TOoro ypaBHeHHA. [loaTomy

x=0,

Prx=0 [
x=-1

Omegem: {—1; 0}.
IIpumep 3. PemuTs ypaBHeHHe

arcsin(x{x+ y)) +arcsin(y(x+ y)) = m.
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g T
Pemenue. [lockonbKy arcsint < = npH |t| < 1, To ieBad yacTh ypaBHe-
TT T
HHA He IIPEBOCXOIHT E + E = 71. 3HaK PaBEHCTBa BOZMOXEH, JHINb €C/IH

o T
Kaxjoe qraraeMoe JIEBOH 4acTH PaBHO 7 Takum 06pa30M, YpaBHEHHE
PaBHOCHJIBHO CHCTEME:

aresin(x(x+y)) = 3, xGe+y) =1,
E yx+y)=1

Pemrenye nocieiHe cUCTeMBl He npeacrapiadeT Tpyaa.

arcsin(y (x+y)) = -

Omaem:

(73 55
Ypastenus, co0umble k an2efpauieckum u mpuzoHOMempuyeckum
ypasHeHuam

B zakoueHHe pacCMOTPUM YPaBHEHHUA, IIPU PelleHHU KOTOPEIX HC-
TIONIB3YIOTCA METO/EL, CXOHEIE C METOaMHU pellleHud ypaBHeHu# (2)—(6),
HO GOpPMyIIBI CBA3M, TIO3BOJIAIONTHE MOIYIUTD aIre6panyeckoe Wil TPUTO-
HOMETPHYECKOE YpaBHEHHE, ABIAIOTCA GoJiee CI0KHBIMH.

Mpumep 1. Pemuts ypaBHeHHe arccos(3x —4) =2arctg(5 — 3x).
Pemenune. [Iycts arctg(5 — 3x) = a. Torga

tga=5—3x, arccos(3x—4)=2a, cos2a=3x—4.

Takum obpazom,

tga = 5—3x,
cos2a = 3x —4.

CJIOKHB YpaBHEHHA 3TOi CHCTEMEI, TIOTYYMM TPHTOHOMETPHYECKOE YPaB-
HEHME

sina = 0,

tga+cos2a =1 < tga = 2sina <
& g [sﬂ12a=1.

T
[Mockoneky 2a=arccos(3x—4),a0<arccost< 7,00 < 7 [ToaTomy

Vs
TMOCIETHSA CHCTEMA JaeT 3HaveHua a=0u a= 7 Torma

3x—4=rcos0, x=§,
i — "
3x—4=cos3 x=3

0O6a 5THX KOPHA YAOBIETBOPAIOT HCXOAHOMY YPaBHEHHIO.

%9
Omeem: {3, 3}.
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3ameyanue 5. Bropoii criocob pelieHus ypaBHEHMA 3aKII0YAETCA B
CBEZIEHMHM ero K aarebpauyeckomy. B camom peine,

_ 1-tg’a _ e
cosZa—l_nga, cos2a=3x—4, tga=>5-—3x.
[TosTomy
_1-(5-3x)* o, _ (1-5+3x)1+5-3x)
WA re—mp & o8 5 1@ ayp
(3x —4)(6—3x) 3x—4=0,
S 3x—4=""—" =
1-(5-3x) [1+(5—3x)2=6—3x
- x=3,
= 3 = .
(5—-3x)>=5-3x x=3

Kaxkoii u3 ABYX cr1oco60B NMpeouTHTENbHEH, CIeAyeT PelllaTh B KaXKIOM
KOHKPETHOM C/Iydae.

IIpumep 2. Penmts ypaBHeHHe arcsin 2x + arccos(bx — 2) = %

Pemenune. IlycTh arcsin2x = a, arccos{6x — 2) = f3. Torza sina = 2x,

cosff=6x—2, a+ﬁ=%ﬂ'. IMosTomMy 3sina—cosf§ =2, ﬁ=§ﬂ.’—0’.. Or-
croza

SSina—cos(%ﬂ'—a) =2 & 35ina+§cosa—%sina=2=)
< Ssina+v3cosa=4 < V3cosa =4—5sina =
= 3cos’a = 16—40sina+25sin’a <

& 3(1—sina) = 16 —40sina+25sina <

sina = %,
& 28sina—40sina+13=0 < 1
sSma = ﬁ
1 1 13 13
[TocKonbKy X = 3sina, To X =7 WIH X = 5g. Kopenp x = 5g ABIACTCA
HDCTDpOHHHM.
1
Omasem: {Z}

3ameuanue 6. 1. Pemenue ypapHeHHI U HEPAaBEeHCTB, aHAIOTHYIHBIX
pazobpaHHOMY B IpuMepe 22, cBOAUTCA Ha oNpefieIeHHOM 3Talle K pelie-
HHIO YypaBHEHHMA BHJa
asina+bcosa =c.
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Takue ypaBHEHUA NPUHATO PelIaTh METOAOM BBE/ICHHA BCIIOMOTATENbHO-
ro yra (Wi ¢ TOMOIIBI YHUBEPCATBHOW TPUrOHOMETPUYECKOH NMoACTa-
HOBKH). [Tpu mogo6HOM pellleHHH OTBET, KaK IPaBWIO, TPeCTaBIfgeT Co-
60oii JOBOMBHO rpoMo3AKYI0 popMyny (Tak, B npuMepe 22 Mbl 6B IOTYy4H-

i, yto a = (—1)"arcsin 2 arcsin R ] + mn, n € Z). IlpoBepka 3Ha-

/7 2\/;

YeHUA ¢ IpefcTaBafeT coboi B 3TOM ciydyae JOBOJIBHO TPYIHYIO 3aja-
qy. Pemats mofjo6Hble ypaBHeHUA (TeM Gomee, e HY)KHO HAWTH JHIIb
COS @t WK Sin @, a He caMy 3HAYeHHs @) 1iejecooHpa3Ho creAyomuM obpa-
30M. YeauHMB asina (Wwin b cos @) ¥ Bo3Bead obe 4acTH IOAYYMBILIETOCH
ypaBHEHMA B KBAZIPaT, MOIYYHUM ypaBHeHue a’sin? a= (c—bcosa)? (wmm
b?cos? a=(c—asina)?), KOTOpOe 3JIeMeHTaPHO CBOAUTCA K KBa/[paTHOMY
OTHOCHUTEJBHO COs a(sin @) ypapHeHH1o. [IpM 5TOM II0/1I€3HO YYMTHIBATE,
YTO BO3BeJIeHHE B KBaJpaT ABJIAETCA PaBHOCWIBHEIM Npeobpa3oBaHUeM,
ectu obe YacTH ypaBHEHWA HEOTPHUATENbHEl WM HEIONOXKHUTENbHEl Of-
HOBpeMeHHO. [ToaToMy

a?(1—-rcos’a) = (c—bcosa)?,

asina=c—bcosa < )
asinal{c—bcosa) = 0

2. B HeKOTOPBIX cIyyasx oTHOp KOpHEH MpecTaBaseT coboi OTHOCH-

TeNBHO I'POMO3ZKYIO 3a/a4y. Tak, NpU pelleHUU NpeAbAYIIEero IpuMepa
13
TpAMAst IPOBEPKA SHAYEHUS X = 55 TPUBOJIUT K MPOBEPKE PaBEHCTBA
arcsm = + arccos L= ETE
14 6
B Takux cayvaax cregyer 06pam.aTb BHUMAaHKWEe Ha OrpaHHYeHHdA, BO3-
HUKawuue B Xo[e pelleHMuA 3a.a.a'-m Tak, u3 yoroBuil —1 < 2x < 1,
1 T

—1 < 6x — 2 <1, BRITEKAET, YTO gé < 3, @ TOCKOMBbKY ac [_E;E]
usina=2x>0, nonyqaeM 4uTO ¢t — yroa I yeTBepTH. 3Ha‘-]}IT, cosa > 0.

Ho ecim sina:—14, 10 V3cosa=4—5sina=4—5- 40 YTO MpO-

13
THBOPEYMUT YCJIOBHIO COS O > 0. CnegoBaTenbHO, KOpPEHb X = 28 ABJAETCH
MOCTOPOHHHUM.
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3azayu

Penmre ypaBHEHHe

1.
.a) (3sinx—4) (v2cosx—1)=0, 6) (7sinx+9)(v2cosx+1)=0.

.a) (3cosx+4)(tgx—v3)=0, 6) (5cosx—7)(v3tgx+1)=0.
.a) (3sinx—2)(2sinx—3)=0, 6) (5siny+4)(4siny+5)=0.

N kAW N

o

a) (2sinx+1)(2cosx—3)=0, 6) (2siny —1)(2cosy —3) =0.

. a) sin(—5x) cos5x = ﬁ, 6) sin(—6y) cosby = %

. a) 2cos®6x=2sin”6x+ V3, 6) 2cos?2y=2sin’2y — V2.
.a) sinx(5cosx+2)=cosx(5sinx+2),

6) siny(7cosy —1)=cosy(7siny —1).

.a) 4cos’x—12cosx+5=0, 6) 10sin®z+9sinz—7=0.
9.

a) 10sin®z+19sinz+7=0, 6) 10cos?y—19cosy+7=0.

10. a) 2sin’x+5cosx+1=0, ©6) 2si112y—7cosy+2=0.

11.a) 4cos®x —4sinx—1=0, 6) 4sin®x+12cosx+3=0.
12. a) cos2x=5sinx — 2, 6) cos2z=—9cosz+4.

13.a) 2cos2x=8cosx+ 3, 6) 2cos2y=4cosy+1.
14. a) 7sin2y =2siny, 6) 9sin 2x =2sinx.

15. a) (3cosx + 8sinx)?=12+55sin’x,

6) (3cosy+7siny)?>=12+40sin’ y.
(5x—7m)(7x —5r) _ (7x —8m)(Bx—7m) "

16. a) r 0, 6) o 0.
2y +7m)4y +77) By +7m) _
17. a) m _0!
6 (2y+9f:)(4y—97r)(13y—9f:)_0
) Wi =P
4cosx—3 7cosy—>5
18.a) ————=0, 6) ——— =
D e ) &y
Ssinx—2 _ 6sinz+5 _
19. a) W_O’ 6) - =0.
tgx+3 tgz+4
: —_— o =0
20.3) —sinx 0 ) v/ —cosz
2sinx —v2 _ 2sinz+1 _
DT o O & -
a_ 2 _ Oz —
22_a)w=0, 6 w=o_

cos X Vsinz
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o ) 25y*—16
23.a =0 6) ———=0.
) e J/—siny

3sin®x — 2sinx _ sinz(7sinz —2) _

24.2) cosx—1 =0, 6 cosz—1 =0.
cosdx cosSx
25. a) sindx+1 =0, ) sin5x—1_0'
2 . (37 "
26.1. a) Pemure ypaBHeHHE 2COS° X = ﬁsm(T +x). 6) Haiigure

BCE€ KOPHH 3TOT'0O YpaBHEHHWA, IIPHHAaVIEeXalllue ITPOMEXYTKY [3%, 3TE] 5

26.2. a) Pemnre ypaBHeHHe ﬁc052x=sin(% +x). 6) Haiaure Bce

KOPHH 3TOTO YpaBHEHMU, IPHHA/JIEKAIINE TIPOMEKYTKY [— 7%; —271'] .
27.1. a) Pemute ypaBHeHHE 2 sinx =43 co's(?’??r + x). 6) Hatigute

BCe KODHH 3TOT0 ypaBHEHUA, IPHHAIeXKAIIHe IPOMEKYTKY [—371'; — %]

27.2. a) Pemute ypaBHEeHHE V2sin® x =cos (3?75 - x) . 6) Hatigure BCe

KOPHH 3TOr0 YpaBHEHMsI, IIPHHA/JIeXKalHe IIPOMEXYTKY [29‘:‘ 7—ﬂ] .

P2
28.1. a) Pemure ypaBHeHue 2 cos> (37“ —x) = —sinx. 6) Haiigure Bce
KOPHH 3TOTO YpaBHEHMA, NPHUHAJIEKAIINE TPOMEKYTKY [—4ﬂ 5 —STR] ;

28.2. a) Pemute ypaBHeHHe 2cosz(3?n+x) = /3sinx. 6) Haitaure

BCE KOPHH 3TOr'0 YpaBHEHHA, IPUHALIEKAIIHE IIPOMEKYTKY [—3?: s 3;].

29.1. a) Pemure ypaBHeHHe Zsinz(?’?’r —x) =cosx. 6) Hatigure Bce

KOPHHM 3TOTO YpaBHEHMs, IPHHA/JIeXKalHe IIPOMEKYTKY [— BTE; 0] i

29.2. a) Pemute ypapHeHHE 2 sin® (% — x) = —+/3 cosx. 6) Haiigure

BCe KOPHH 3TOT0 ypaBHEHHUA, IPHHAUIeXKaIIHe IPOMEeKYTKY [— 3m; — %] !

30.1. a) Pemute ypaBHenue sin 2x + +/3 sinx = 0. 6) Haiiure Bce Kop-
HH 3TOro ypaBHeHHUsA, IPUHA/IEKalHE TPOMEXKYTKY [5?“, %{] ;
30.2. a) Pemure ypaBHeHHe sin 2x = /2 sinx. 6) HaiiauTe Bce KopHu

9TOro ypaBHEHWs, IpHHAaAeXKalIue IIPOMeXyTKyY [—4m; —3m].
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31.1. a) Pemure ypaBHeHHe sin2x = cos(x — 3—“) 6) Haiigure Bce

2
St 7w
KOPHH 3TOr'c YpaBHEHHA, IIPHHaIKallue MPpOMEXYTKY ?; T i

31.2. a) Pemure ypaBHeHHeE Sin 2x = ﬁsin(% +x). 6) Haiigure Bee
5n. 3n ]

KOPHH DTOrO YpaBHEHM:I, IPHHA/IeXKaNIe IPoMeXyTKY [— 55T

32.1. a) Pemure ypaBHEHHE 251'11(% - x) : cos(% + x) = /3 cosx.
6) HaiiuTe Bce KOPHM 3TOTO ypaBHEHHs, MPUHA/IEKAIIHE TIPOMEKYTKY
[—6m; —Sﬂ] :

32.2. a) Penmite ypaBHeHHe ﬁsm(% - x) . cos(% + x) = COSX.

6) Haiizute Bce KODHU 5TOTO YPAaBHEHMHA, MPUHAIEKAIIHE TPOMEXYTKY
[—4m; —37].
33.1. a) Pemnute ypaBHerHe sin 2x++/2sinx=2 cosx+ /2. 6) Haiiau-

ST
Te BCe KOPHH 3TOr'0 YpaBHEHHA, NIpHHAIeKallue MPpOMeKYTKY [TE £ ?] .

33.2. a) Pemmre ypaBHeHue sin 2x =sinx — 2cosx + 1. 6) Haiigure Bee
KOPHHU 3TOr0 YpaBHEHU, IPHHAIe)Kalie IPOMEXKYTKY [3?“, 39':] ’

34.1. a) Pemmure ypasHenue 4 sin” x — 12sin x +5=0. 6) Haitaure Bce
KOPHHU 3TOr'0 YpaBHEeHHUd, NIPUHAVIeKallUe IIPOMeXKYTKY [—m; 2],

34.2. a) Pemmute ypaBHeHHe 6cos’ x — 7 cosx —5=0. 6) Haiigure Bce
KOPHH 3TOr0 YpaBHeHH, PHHAIeXalie MPoMeXyTKy [—7; 27].
1

cosix  COSX 6 =0. 6) Haiinure Bce

KOPHH 3TOr0 ypaBHEHH, IPHHALIEeKALIHE TPOMEKYTKY [—3 T; —%] .

35.1. a) Penmte ypaBHeHHE

3
51 n‘?' X sinx

35.2. a) Pemnre ypaBHeHHe —2=0. 6) Haitgure BCe KoOp-

HH 23TOr'o ypaBHEHHA, NIPUHALIeKAUIHE IIDOMEKYTKY ['TE; 57%] 5

36.1. a) PemuTe ypaBHeHUe z 12 L =2. 6) Hafigure BCe

in*x cos(¥£ - x)
KOPHH 3TOTO ypaBHEHHd, IIPHHAIEKAIHEe IIPOMEKYTKY [9‘:; %] .

3

cos’x  sin(Z+x) =0, 0) Hanpme

36.2. a) PemuTe ypaBHEeHHE

BCE KOPHM 9TOr'0 YpaBHEHHA, MPUHAIEKAIIHE TIPOMEKYTKY [3%, 3TE] .
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1
cos X

37.1. a) Pemmre ypaBHeHHe 7tg”x — 4+ 1=0. 6) Haiigure BCe

KOPHH 3TOI'C YPABHEHHA, IIPHHANEKAITHE IIPOMEXYTKY | — 5?11, - T[:I v
3
COsX

37.2. a) Pemure ypaBHeHHe 4tg®x + + 3 =0. 6) Haiigure BCe

KOPHH 3TOr0 ypaBHEHMsA, IPHHAIeKalHe TPOMEKYTKY 57“; 4TE] .

38.1. a) Pemure ypaBHeHuUe 4 sin® x — 11 sin® x + 6 =0. 6) Haiizure BCe

97
KODHM 3TOT0 YpaBHEHHHA, MPUHA/JIEXKANIME IPOMEKYTKY | — 55 —3?1'] ;

38.2. a) Pemmre ypaBHeHue 6cos* x — 11 cos? x +4=0. 6) Haitaure

BCe KOPHH 3TOT0 ypaBHEHUA, IPHHAIeXKaIIHe IPOMEeXKYTKY [— a0 271'] :

sin2x i
39.1. a) Pemmte ypaBHeHHE — G0 v/3. 6) Haiiaute Bce KOpHM

3TOro ypaBHEHHWA, NIPHHAaJJIeXalllHe IIPOMEXYTKY [—57}?; —TE:I .

39.2. a) Pemure ypaBHeHHe % = /2. 6) Haiiaure Bce KOpHH
2
3TOT'0 YpaBHEHHA, IIDHHAJIEHAITHE IIDOMEXYTKY [2?’[; 7711] i
2c08x—3 1
2cosx—1 " 2cos? x—cosx

40.1. a) Peumure ypapHeHHe =0. 6) Haiigure

BCE KOPDHH 3TOI'O YPaBHEHHA, IIPDHHAINEXKAITHE IIDOMEXKYTKY [—4?‘[; == 5?“]

2s8inx—3 1
sinx—1 ' sin®x—sinx

40.2. a) Pemnre ypaBHeHHe =0. 6) Hanigure

BCE KOPHH JTOr'0 YPaBHEHHA, NMPUHAIeXAIIHE IPOMEKYTKY [—3%; 0] 5
41. a) arccosx =arctg 3; 6) arcsinx=arctg 2.

o
42. a) arctgx + arctg % = —%; 6) arcctg x + arcsin i %

43. a) arcsin x —arcsin %=arcsin 0,9; 6) arccosx—2arctg2=arctg %

2 — —
44. a) arcsin % +arcsin % =0;

6) arccos(4x? —11x+5) + arccos(3x% — 14x +7) = 7.
45. a) arctg(4x? —8x —9) +arctg 16x2=0;

2 _gy—

46. a) arcsin(2x® + 2x% — 3x — 0,2)= arcsin(3x? — 2x — 0,2);
6) arccos(2x® +5x% + x + 0,2) = arccos(2x + 4x% + 0,2).

+arctgx% =0,
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47.

48.
49.
50.

51.
52.

53.
54.

55.

56.

57.

58.
59.
60.

61.
62.

63.

65.

a) (x% —5x +6) arcsin % =0;

6) (x+2)(2x*—7x+3) arccos = 3 =0.

a) arcsin(sinx) = 6) arcsin(sinx) =2x—1.

a) arcsin(xv/3) = Z-; 6) 6arcsin % =m(3—x).
a) arcsin(xv/3) +aresinx = E; 6) arcsinx +arctgx = %n.
a) arccos x + arccos 2x = E’ 6) arccosx + arcctg 4x = 71.

a) arccos® = <4 arcsin®(x + 2) =2n2;

6) arcsin® x +arccos®(2x —3) = %ﬂz-

a) | aresin x| +arccosx = E’
a) sin(arcsin(x+2)) + |4x+1|==
6) cos(arccos(x —3))+[|2x—1|=—=

a) arcsin{x+ 1) +arcsin(y —1)=n
6) arccos(x + y) +arccos(x — y)=0.

a) arcsin v/ 3x — 2=arcctg v2x —2;
6) arccos = 3;_ L arcctg v/2x — 1.
a) arctg v 3 — x =arccos %;

6) arcctg(3x — 2) = arctg(2x — 1).

E

6) arcsin” x - arccos y =

4=I

6) arcsinx + |arccosx|= =

a) arcsin x = 2 arccosx; 6) 2arctg x=arcctg(x —1).
a) arcsin 2x =3 arcsin x; 6) arctg(x —1) =3 arctg(x+1).
a) 2 arcsin 2x = arccos 7x; 6) arccos(x — 1) =2arccosx.
; x
arcsinx =arccos v/ 1 — x; 6) arccos 5 =2arctg(x—1).
Z 2
a) arcsin x = 2 arctg x; 6) 2arctgx+ arctg 7 =1.
X 3 . 3
a) arcsin = 5 +arccos2y = 55 6) arcsin E +arccos 2y = 5
- y__3m in® _arccos L= &
- @) arcsin 3 —arccos i o 6) arcsin g —arccosT=7.
=
a) (;m+arcsinx) arccosy = i 3
3



TpenupoBouHas pabora 5

Peurure ypaBHeHHE.

1.

9.

S T - N, T N SCR

2cos(2x+%) ++v3=0.

. sin(% = %) =cos(% = rtx).

. {(2sinx — cosx){(2cosx —sinx) =sin2x.
. (5cosx—9)(V3tgx—1) =0.

. 6sin®x+ 13sinx+5=0.

.5sin2x=2cosx.

(2x —9m)}(5x —9m)(8x —9m) _
4/ COSX -

2sinx +v3 _
tgx

0.

0.

cos4x -0
sindx+1"

10. V4 —5sinx=+v2cosx.

11

12.

(7y —9m)(9y —7m} _
' A/ siny

cosy(8cosy—7) —0
siny+1 -

0.




TpenupoBouHasa padora 6

1. a) Pemwure ypaBHeHHe 2 cos? X = sm(%” — x).

6) Haiiziite Bce KOPHHU 3TOTO YPABHEHUSA, IPUHA/JIEKAIIHE IPOMEIKYT-
57

o [ 5]
2. a) Pemurte ypaBHeHHe COS (3% +2x) =+/3cosx.

6) Haiigure Bce KOPHM 3TOTO YpaBHEHHNA, IIPHHAA/IekKaIIHE TPOMEKYT-
Ky [—4m; —37].

3. a) Pemure ypapHenue 2sin{m +x) - sin(% + x) =sinx.
6) HaiigiTe Bce KOPHU 3TOTO YpaBHEHUS, TPUHAa/AIEKAIIIe IIPOMEKYT-
Ky [—5m; —4mr].

4. a) Pemure ypaBHeHHe 4 sin x =tgx.
6) Haitjure Bce KOPHH TOT'0 ypaBHeHUHA, IIPHHAJIeKallUe TPOMEKYT-
Ky [—m; Ol.

5. a) Pemmure ypaBHeHMe 2 C0s° X — 2 cosx + sin’ x =0.
6) HaiiguTe Bce KOPHHM 3TOTO YpaBHEHU, IPHHAZ XK AIIHe IIPOMEKYT-

Ky [3%;371'].

6. a) Pemure ypapHeHHe (2x%—7x+6)(2sinx+1)=0.
6) HaiimiTe Bce KOPHU 3TOTO YpaBHEHUS, TPUHaAIeKalIie IPOMEeKYT-

Ky [—ﬂ.’; %]

7. a) Pemure ypaBHeHHE 651'112x+55i11(E —x) —2=0.

2
6) Haiiznre Bce KOPHM 3TOT'O YpaBHEHHA, IPUHAZJIEKAIINE TIPOMEKYT-
o [ )

8. a) Pemure ypaBHeHue cos 2x + 0,5 = cos® x.

6) Haiiznre Bce KOPHH 3TOTO YpaBHEHUA, IIPHHAZJIEKAIINE IPOMEKYT-
o [am5)

9. a) Pemure ypasHeHHe 6 cos” x — 5sinx —2=0.
6) Haiijure Bce KOPHM TOT'O YpaBHEHUA, IIPUHA/JIeKallHe TPOMEXKYT-
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10. a) Pemmre ypaBHeHHe 3cos2x —5sinx+ 1=0.
6) Haiijure Bce KOPHH TOT'0 YpaBHEHHA, IPHUHAIeKallHe POMEKYT-

o [5]

11. a) Pemure ypaBHeHHe

+ smx_6 0.

6) HaiizuTte Bce KOpHU 3'1'01'0 ypaBHeH}m, MpHHA/JIeXKallie IIPOMEeXKYT-
57
o [n, %)

Y 116=0.
tgx Sl]'lx

6) Haiigure Bce KOPHU 3TOT'O YpaBHEHWA, MPHUHAIeXKaIIHe TPOMEKYT-
o [ 5].
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Penmite ypaBHeHHE.

1. arcsin(27x% + 12x — 1) = aresin(1 — 3x).

2. arccos(4x? 4+ 5x — 1) +arccos(3x% — 2x —9) = 7.
3. arctg(4x® — 8x — 9) +arctg 16x* =0.
4

. arccos(x+/3) +arccosx = %

o

p 3 2
. arcsin x + arcsin 2x = g?‘[.

2x—3arcsinx +2=0.

. arcsin
. 12 arcsin® x — 8 arcsinx + 2=0.

. 5
. arcsin® x + arccos? x = Z'J'EZ.

. arctg v 8x +1=arcsin v 1 — 3x.

10. arcsinx =2 arccosx.

h=] e N o

11. 2 arccos x = arctg 2x.

5x—1 S5x— 5
3 -+ 2 arccos 3 g

12. arcsin



§ 5. IToka3zaTebHbIE YpaBHEHHUS

OroT naparpad MOCBAIEH MOKa3aTelbHBIM YPABHEHHUAM, T. €, YpaBHe-
HUAM, B KOTODEIX IIepeMeHHas COIePKUTCA B TTOKA3aTele CTeIIeHH HeKo-
TOPOTO YMC/Ia WK aareGpanieckoro BHIPayKEeHHS.

OCHOBHEIMH METOIaMH PelIeH!A I0KA3aTeIbHBIX YPABHEeHUIH SBIAI0T-
€1 MeTOZB! TPYIIIMPOBKY, PA3JIOKEHUS HA MHOXHUTEIN U 3aMEHEl Iepe-
MEHHOM.

Pemrenve GOIBITUHCTBA TIOKA3aTEIbHEIX YPABHEHHI MTOC/Ie HEKOTOPHIX
npeobpazoBaHui CBOAUTCA K pelLleHHIO OJIHOTO WIM HECKOJIBKUX IIPOCTeii-
IIMX MOKA3aTeTbHBIX ypaBHeHuit Buaa a’ ) = b, koropoe, eci b apnsercs
CTeleHblo YuIa a, T.e. b =a®, paBHOCWIBHO ypaBHeHMIO f(X)=c¢, a B
MPOTUBHOM cilydae — ypaBHeHMI0 f(x)=log, b. K npocrefimum nokaza-
TeTBHBIM YPABHEHHAM MOMHO OTHECTH M ypaBHeHue Buza a’ ) = q8™
(a>0; a# 1), KOTOpoe PABHOCHIBHO ypaBHeHHIO f(x)=g(x). 3ameTum,
uTo mepexon oT ypasHenus a’ ™) = a*™) x paBHOCHIBHOMY eMy ypaBHe-
Huio f{(x) =g(x) MoxeT 6BITh 0OOBACHEH PATHIHBIMHA CIIOCOBAMM: HCXOAA
M3 CBOWCTB MOKA3aTesbHONW GYHKIMK C OCHOBAHMEM d WIH JOTapudpMu-
poBanueM 06eux vacTel ypaBHeHHS (IO CBOMCTBAM JOTAapUGMHUIECKOH

dbyHKLMN).

1. Asnrebpanyeckue npeoOpaszoBaHusA
Ypaenerus, HenocpedcmeeHHo c800UMble K Npocmeiiiuum

IIpumep 1. Pemure ypaBHeHHE

6.\'3 3—15
o915 — glz-1ox
Pewienue.
6.'(2 . 612—12x = 2—].5 . 3—15.
< T12-12x — g 15,
x24+12-12x = —15;
x1=3; x=9
Omasem: 3; 9.

Bairecenue 06ujezo MHoxcumens
3TOT METO/ TPUMEHAIOT NPU PelleHUH YpaBHeHWil BU/a
pa® 4q.af®Ppr=0
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M CBOAMMEIX K HUM. IToc/e BEIHECEHMA OBIEro MHOXMTENA NPHXOIUM
K ypasHenuto a’® (p+q-a®) +r=0, otkyzna

af® =_;b'
p+q-a

IIpu oTcyTcTBMM apudMeTHIeCKHX OMMOOK ITIpaBas 4YacTh IOCTeTHEro
ypaBHeHMdA, KaK NpaBuUio, ABIAETCA CTeleHbl yYuciaa a. Pasymeercsd,
BO3MOXXHBI M pYTHe THUITb YpaBHeHHN. PaccMOTPUM IIpHMEDHI.

Mpumep 2. Pemmure ypasuenue 7° 2 +4.7*"1 =539,
Pemenue. BriHeceM obLMA MHOMXMTEIb M BHIIIOTHUM NpeobpasoBa-
HUA:
77 +4) = 539;
11-7%.=539;
7 = 49;
7x+1 - 72;
x+1=2;
x=1

Omasem: 1.

I'pynnuposka u pasaoxcerile Ha MHONCUMENU

OcHoOBHaA HOed penmeHHs 3aJa4 3TOr'o THIIa OTpaX€Ha B Ha3BaAHHWH:
MOCJTE TPYTIIIMPOBKU M BHIHECEHHA OOIIMX MHOXKUTENEH TaKHe YpaBHEHHA
0oBBIYHO yAaeTcsa NpUBECTH K BUAY f(x) - g(x) =0, a nocieaHee ypapHe-
HUE — K OZHOMY WIM JBYM MPOCTEHIIMM ITOKa3aTelbHEIM YpaBHEHHAM.
Takie ypaBHEHHA CXOXKHU C YpaBHEHUAMH NIPEABIYILETO THITA, HO TPeBYIOT
6GOJIBIIETO YMCIa AEHCTBMIL. B KauecTBe NepBOro NMpHUMepa pacCMOTPHM
pelleHye 3aja4M 9 yacTy | BEOAHOM AHAarHOCTUYECKOH paboThL.

IIprmep 3. PemuTe ypaBHEHHE
22543 =32% 2,

Pemenmne. [lepeHeceM BRIpaKeHHE U3 NIPaBOil YacTH YpaBHEHHUA B Jie-
BYIO M CTpynmupyeM ciaraemeie: {x -2 — 3-2%) — (x — 3) = 0. Beinecem
obuuit MHOXKUTeNb: 2% (x — 3) — (x — 3) = 0. Eme paz BelHeceM oOGIIMiA

x—3=0, x=3,

W, 3HAYMUT,

MuoxuTenb: (x —3)(2°—1)=0, orkyza | ., _ 0, x=0.

Omeem: 3; 0.
Tpumep 4. Pemmmre ypasuenue x -3 ¥ —3x+3/x— /x-3 " =0.
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Pemenue.
X3 =3x+3/x—v/x-37"=0 & x3F-3)-v/x3"-3)=0 &
x =0, x =0,
S B3 -3Nx—-vV)=0 377-3=0, 37=3, &
|:x—\/Y=0 |:\/Y=x
x=0,
-1, x=0,
ol =0, 5= [x L
x=1

Omeem: 0; 1.

2. 3amMeHa IepeMeHHOH

BOJBIIMHCTBO MOKA3aTeNbHBIX YPaBHEHUH, B KOTOPHIX HCIIONB3YeTCA
3aMeHa IlepeMeHHO, CBOUTCA TOCJIe 3TOM 3aMeHH K KBaZIpATHOMY ypaB-
HeHU10. Haiiisi KOpHHU 5TOr0 YPaBHEHHWS W BHIIIOTHUB OODPAaTHYIO 3aMEHy,
IOJIy4aloT OfHO WIH /IBA MPOCTENIINX MOKA3ATENbHHX ypapHeHus. Tak,
ypaBHenue a -1 +b-1* + ¢=0 cBOAMTCA K KBapaTHOMY yPaBHEHMIO 3a-
MeHO# y =I*, y > 0. Jlna peneHus 0AHOPOAHOTO YPaBHEHHS BUAA

p-a*®+q-(ab)*+r-b* =0
HYHO 06€ ero YacTH pasaeTuTs Ha b>* (3aMeTHM, 4TO TI0 CBOHCTBY MOKa-
3aTexpHOM GyHKIMH ™ # 0 Hu MpH Kakux x). [Tocie e e s oMy IHTCs

ypaBHEHHE
p- (%)zx+q- (%)x+r =0,

x
KOTOpOE 3aMEeHOH y = (%) » ¥ >0, cBOIUTCA K KBaZIpATHOMY YPaBHEHMIO
OTHOCHUTENIBHO Y.
IIpumep 1. Pemure ypaBHeHHE
32+ -26.3"-9=0.
Pemennme. 3-3% —26-3*—9=0.
ITycts 3=y, y > 0. Toraa
y=29,
3y2—26y-9=0, 1
= =—z, & y=9

y>0
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CpenaeM obparHylo 3aMeHy: 3¥ =9 & x=2.
Omeem: 2.

IIpumep 2. Pemure ypaBHEHHE
4/ —5.4xr4=0.
Pemenne. 3anuieM JaHHOe ypaBHEHHE B BUjle
(4'*)2—5.4/* 1 4=0.

Iycerb t =4'/%. YpapHenue npumer Buz t° — 5t +4=0, oTkyaa t = 1 1160
t =4. Cenaem obpaTHyIo 3ameHy: 4'/* =4, oTkyga x = 1, 6o 4% =1.
[Tocennee ypaBHeHMe He MMeeT KOpHel.

Omeem: 1.

B kauecTBe crezylomllero nmpuMepa paccMoTpuM 3agady 10 dactu I
BBOJHOH AMarHoCTHIeCKoH paboTEL.

TMpumep 3. Pemute ypapHeHHe 451 4 25 2sinx =18,
Pemenne. [lepenuiem JaHHOe YpaBHEHHE B BHE
4sir|x +25 . 2—2sir|x — 18 — 0
oTKyAa 4™ + 324 "¥ — 18 =0. [TockoabKy 4™ > 0, MOXXHO YMHOXUT
ofe yacTu MoceHEero ypaBHeHUs Ha 4°"%, [oc/e 4ero MmomyuyuM ypaBHe-

Hue (47%)2 — 18- 4%"% 1 32 = 0. [TycTs t = 4°"*. YpaBHeHHe IPUMET BU/
t2 — 18t +32=0, oTkyzaa t =2 qubo t = 16. Caenaem obpaTHyI0 3aMeHy:

40X = 2 oTkyza sinx = % ux=-D"- % +7n, n € Z, mbo 4" = 16,

OTKyZAa sinx =2, 4TO HEBO3MOXKHO.
Omeem: x=(—1)"- % +man,neZ.
I[Ipumep 4. Pemure ypaBHeHHe

(Vs+v24) +(Vs5-v24) =10,

X
Pelieare. YMHOXUM 00e 4acTH YpaBHEHMA Ha ( 5+ 24) . TTomy-
2x x
YHUM ( 5+ s/ﬂ) +1= 10( 5++/24 | . Crenaem 3aMeHy mepeMeH-
Es
HO#. [TycTh ( 54++v24 | =y, y>0. Torga

2 =
—10y+1=0, s =5++/24,
{y y+ {y 54+/24, y

Jil y>0 y=5—4/24.
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(\/5+ 24) =5+ /24, -
4:)|: ’

( 5+\/‘2—4)x=5+1—m x==2.

IIpumep 5. Pemnre ypaBHeHUe

O6parHas 3aMeHa
Omasem: —2; 2.

32X+1_5_6X+22X+1 = Q.

Pemenue. 31 —5.6°+2%"1=0 & 3.32—5.3%.254+2.2% =,
Pazzenum obe yacTH ypaBHeHMs Ha 22

332 AN
3-(3) -5:(3) +2=0.
X
[Tycte (%) =y, y>0. YpaBuenue npumet Buz 3y% — 5y +2=0, oTKyaa

Y= %; ¥o=1. BepHeMcd Kk npexHeil nepeMeHHO:

(%)ng,@ =-1,
By -r =l

2

Omeem: —1; 0.

3. Orb6op KOpHeil B MOKa3aTe/JbHbIX YPaBHEHHSIX

Huorga BcTpeyaroTcs KOMOMHMPOBAHHBIC YPABHEHHA, B KOTOPHIX He-
M3BECTHAA COZEPKUTCA He TOMBKO B IToKasaTese CTelleHU, HO U B 3HaMe-
HaTesie pobH WM ToJ 3HAKOM KODHA YeTHOM cremeHu. B mpocreimux
cIy4YaAxX 3TO HE BIMAET CYIECTBEHHHIM 00pa3oM Ha YPOBeHb CIIOKHO-
CTH 33laHWA, HO TIPUBOJHT K HEoOXOAUMOCTH BBOJA JOIOIHUTEIBHBIX
orpaHuYeHui (YC/I0BHA HepaBeHCTBa Hy/II0 3HaMeHaTelq pobH, yCIoBHA
HEOTPHIATETbHOCTH NMOAKOPEHHOI'O BHIPAYKEHHS /I KOPHA YeTHOH CTe-
neHy). B 3THUX ciydasax ciesyer NposBIATE BHUMAHHE M OCTOPOXKHOCTB:
BeJb YacTh HaW/IEHHBIX KODHEH MO)KeT He YAOBJIETBOPATH YKa3aHHBIM
orpaHuyYeHusAM. Takue KOpHH OyZyT ITOCTODOHHHMMH, BKJIIOYEHHE UX B
OTBeT ABIsAeTcs rpy6Hoi MaTeMaTHIeCcKOH omMbOKOH, U pelneHue He GygeT
3aCYUTAHO.

IMpumep 1. Pemmnre ypaBHeHUE 2" —4.2%). A/ % —~ XS0,
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Pelnenue.
2 2 = x
2)(‘ _42x= | 2)(‘ =2x+2’ 3
<3
%—Xz =0, = e %, PN ; =
x —
i 2_9 2’
- * = =3 _ 3
=g
x=-1,x=2; — _1c
x| < 1,5; _
=15 |
N~ x=15
x=-15
Omeem: —1,5; —1; 1,5.
Mpumep 2. Pemmre ypapHerue [4° — 2| =41 -3,
Pemnenue. [lycts 4=y, y > 0. Torga
>0, 3
¢ Y=z
Yy = 0, 4.Y_3 = 03
= = _l = y=1.
[7—2]| =45 —3 y—2=4y-3, Y=3
y—2=3—-4y y=
BepHeMcsa K IIpe)kHel nepeMeHHo: 4 =1 & x=0.

Omeem: 0.

4. [lprMeHeHHUe CBOMCTB PYHKIHIA

HEKOTOPHG YpaBHEHHHA, B TOM YHCJIE M IIOKA3aTE/IbHEIE, HE MOI'YT 6GBITh
PemeHbl CTAHAAPTHRIMHA METOIaMI, H3I0XEHHBIMH BBINIE. B rakux ciIy4da-
SIX 9aCTO IMPHXOJUTCA UCIIOAb30BATh TaKlie CBOMCTBA QJYHKJ.IPH:.I, KdK MOHO-
TOHHOCTB M OT'PaHHUYEHHOCTD.

Npumep 1. Pemmure ypasuenue 3° 1 +5° 1 =34,

Pemenue. Oynkuus f(x) =31+ 57! pospacraer na R. 3nauenue
$yHKIIMH B TOuKe X =3

f(3) =32+52=34.
CrnepoBaTesbHO, X =3 — eIMHCTBEHHBIH KOpeHb.
Omeem: 3.
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ITpumep 2. Penute ypaeHeHue 4 + 5% =9%,

Pemenne. J[oBOIBHO JIETKO 3aMETHUThb, YTO X = 1 — KOpeHb ypaBHe-
HuA, [TonpobyeM floKa3aTh, YTO JPYTUX KOPHeMN HeT. JIA joKa3aTe/beTBa
HCIIONB3yeM CBOHCTBO MOHOTOHHOCTH TNMOKa3aTeNbHON GyHkuuu. Pazze-
UM obe YacTH ypaBHeHHd Ha 9%:

4 X 5 x _
(5) +(5) =
4 x 5 x
bynxma y(x) = (3) + (3) MOHOTOHHO y6HRIBaeT (kak CyMMa JIBYX MO-
HOTOHHO yOBIBarommux (yHKIMEL), MO3TOMY Kaxkoe CBOe 3HaYeHHWEe OHa
NIpUHUMAaeT PoBHO ofuH pas. [lockomeky y(1) =1, To x =1 — eguHCTBEH-
X x
HBIif KOpEHb YPaBHEHMA (g) + (g) =1, a 3Ha4YMT, ¥ JJaHHOTO ypaBHe-
HHA.
Omeem: 2.
IMpumep 3. Pemure ypasHenue 25 1+ |x|=2.

Pemenue. Jaxke ect 6B B ypaBHEHMH He OBUIO 3HAKA MOAYJIS,
PELIMTh €ro CTaHAapTHBIM 06pa3oM 6pUI0 OB HEBOZMOXKHO. ITOCKOMBKY

x?4+121 (u, 3Hauwur, 2x*+1 > 2), a |x| =0 npu Bcex 3HaYEHHAX NEpeMeH-
HOM, MOJIYYMM, YTO JieBad 4acTh ypaBHeHHA He MeHble 2. 3HaK paBeHCTBa
BO3MOYKEH, TOJBKO €CJIM KajkJoe U3 cjaraeMelX JeBOH 4acTH MPUHUMAET
CBOe HaUMeHblIllee 3HaYeHHe, OTKyaa

2x2+1 - 2,

[x| =10

Omeaem: 0.
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3azayu
Pemmre YpaBHEHHE
1.a) 7-5*=5.7%, 6)2-7Y=7-2%,
5x+25 5 9y+22 9
2' a) = 19x+25 ? ? = W
1718 x 1918—3: 162?— 112?—x
-2) = T 6) 16
. a) 8"“—5‘8"=192, 6) 3J'+3—2-3y=225.

3

4

5 a) (§)5x+?=(g)5x+7
# 5 3

6

0 (3)”"- ("

. a) 513}r 4 44y+13_55y+4 412y+5

6) 911x+2 85x+3_93x+10 813.'( 5

7.a) 11*—12:-11*+1=0,
8.a)4-9—6"—3-2=0,
9.a) 41 4+15.2*—4=0,
10. a) 497795 —8.497 + 1=0,
R

a) x_]. _0!
(7*—49)(4*—16) _ 6§

V7 —4x ’
a) (2x—3)5% 2=2x—3,
7% 49
x—-2 x-2’
P 343
5VE | GvE’
19  19%
x—3 x-3
(3x+1 _ 1)(4x+2 1

72x+5_

11.

12. a)

13.

14. a)

15. a)

16. a)

2)

7 =0,
(x+2)(x—=5)

18. a) —W =0,

( V3 -3) (V5 -25)
x—10

(47 —32)(7° — 49%)

(22 —5}(8z—3)
13¥°-9y+18 _

y—6

17. a)

19.a =0,

20. a) =0,

15y2—9y+18

21. a)

6) 15 —16-15 +1=0.

6) 3-16Y +5-12Y —12-9Y =0.

6) 41 +11.2*-3=0.

6) 16715 — 65645 +1=0.

x2

l_:=a

&) (4 —64)(37Y —81)
Vd—3x

6) (4y +5) -9 *=4y+5.

2x +4x 32

x+5 x+5

9¥ '7=ﬂ

5vF  5VF°

11 . 1A

x=7 x=7

e 1 - il
27x=26 _ 92

(z-2)(z—6) _
55
(J_ 64) (V5 - 5) _
y—8
(16" — 64)(9* —81%)
(2x—3)(4x —5)
11)‘2—2,\'—24_

x+4

6)

=0.

6)

6)

25) —0.

6)

6) 0.

=0.

6)

1 2)‘2 —2xy—24

6) =0.
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297811 e
22. a) W—D, 6) Y—2 =0.
5x2—3_5 _ 6) 2""2_1—8 =0
B.a) A Joty—2
24.a) (x+1)(x—6)-8"3*=0, 6)(z+7)(z—4)-53*=0.

x2 4 2 36

o e, B e SO
25. a) 6-—36 6 —36° 6) 2¥ — 64T 2 —64"
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Penmrte ypaBHeHHe

9x+ 20 o]

11 — qpxt20-
2. 38.'(—5 . 7x+4 =32x+1 5 77}‘—2.

1.

3,251 4+ 24.5*—1=0.
(*—25)(7*-7) _
vV5—7x

112 121
T13vE T 13vx

(41'_25](33:_9?) _
L (2x=-5)0%x-7) —

0.

0.

13:4:2 +3x4+2 11x2+3x+2

7. x+1 =0.

8. (x—3)(x—6)-9V¥ *=0.

9.36—4-6X—12=0.

10. zsinzx o 2c052x =3,

11. 9 1-36-.3 3 +3=0.
12, 2%.9¥% | 3=3.28 4 9V




§ 6. JlorapudpmMudeckue ypaBHeHUSA

OcHOBHaA Hfes pemeHHsa T000ro IorapubMHIECKOro ypaBHeHHI —
CBE/IEHHE ero K OJJHOMY WJIH HECKOJBKUM MPOCTEHIIMM YpaBHEHHAM, a Oc-
HOBHBIMM CPE/ICTBAMM PealH3aliMH dTON HeH ABIAIOTCA Clefyioliye:

® pPaBHOCWIBHEIE TPeobpa3oBaHuA,

® [epexo/l K ypaBHEeHHIO-CIIe/ICTBUIO,

® pasjoKeHHe Ha MHOKHUTENH,

® 3aMeHa NepeMeHHOH,

e TNIpUMeHeHHe CBOHCTB QYHKIIMA.

Pemenue GOBIIMHCTBA 0rapUPMHUIeCKUX YpaBHEHHH IOCTe HEKOTO-
PHIX IIpeoOpa3oBaHUi CBOAUTCA K PEIEHHIO Jorapu$pMIUecKoTro ypaBHe-
Hus BUAA logy, () f(x) =log, ) g(x) WM COBOKYIMHOCTH TAKMX ypaBHEHHIA.
IIpuBegeM COOTBETCTBYIONIEE PABHOCHIBHOE TIpeobpa3oBaHye:

f) =g,
flx) >0,
h(x) >0,
h(x) # 1.

Bropoe HepaBeHCTBO CHCTEMEI MOYKHO 3aMEHUTh HEPaBEHCTBOM g(x) >
> 0 {(kakKoe U3 IByX HEPABEHCTB BRIOPATh, 3aBHCHUT OT TOTO, KaKas U3 QyHK-
uuit uMeeT Gosee mpocTol BHA). I YacTHBEIX CAy4YaeB pPaBHOCHIBHEIE
CHCTEMEI CTAHOBATCH MeHee IPOMO3IKUMH. YKaXKeM OCHOBHBIE YacCTHEIE
ciayuau (@ u b —aucna, a >0, a #1):

fx) = gx), - flx) = g(x),
f(x)>0 g(x) >0,

f) = (),
logy f(x)=b & { h(x) >0,
h(x) #1,

log, f(x)=b & f(x)=ad’.

logh(x) f(X) = logh(x) g(X) =

log, f(x) = log,g(x) < {

1. AsnreGpaundeckue mpeoGpazoBaHud

ITpexxzie yeM mepexoUTh K IIPUMEpPaM PeIeHUA 3aj1a4 1o TeMe, cfe-
JlaéM HeCKOJIbKO Ba)KHBIX 3aMevyaHMil.

IIpu pemeHHMH ypaBHEHHI, cofep:KalluX CyMMYy ABYX u 6Gomee jora-
pudMOB, cieayeT IOMHHUTH O TOM, YTO PABEHCTBO

log, f(x)+log, g(x) = log,(f(x)g(x))
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BHIMOJHAETCA He NpHU MoOBIX 3HaYeHUAX NepeMeHHOM, IMOCKONBKy o6Jia-
CTH olpefiesieHHA ero JIeBoM M NpaBoil yacTeil pasnuyHel. JleBasd yacThb
onpegeneHa Ipu f(x) >0, g(x) > 0 (kaxaas U3 GyHKIUI IOTOKUTENBHA).
[TpaBasa yacTh onpefeneHa npu f(x) - g(x) >0 (kaxkpas U3 GyHKUMH 110-
JokUTeNnbHa 1nbo Kaxaad u3 GyHKUMI oTpuuarenbHa). Takum obpazom,
obnacTe onpejeneHusa IpaBoii YacTH paBeHCTBa

log, f(x) +log, g(x) = log,(f(x)g(x))

mupe 06JACTH OIPEeTeHNs ero JeBoit yacTu. [loaTomMy mpH pelneHun
YPABHEHHS MEPEXO] OT CYyMMEI JT0rapu¢MOB K J0TapuU(pMy MIpOU3BeIeHHA
MOKET IIPUBECTH K IIpUoOpeTeHHIo TOCTOPOHHUX KopHeH. YToOH aToro
He CIYYWIOCH, HYKHO B CAMOM Hayajle pellleHMA BRIITMCATE COOTBETCTBY-
wmue HepapeHcrBa (O/[3) wiM, NojyduB KOPHH, C/ejlaTh IIPOBEPKY.
[Ipeo6pazopanue e jorapudmMa IPOU3BELEHHA B CYMMY JOrapu¢(pMoB
(to ectb mepexoxn or log, (f(x)g(x)) k log, f(x) + log, g(x)) Taur eme
Gonbllle ONACHOCTEH: B 3TOM iy4yae o67acTh AONYCTUMBIX 3HaYeHMH
IepeMeHHOH Cy)KaeTcd, W TIPU PelleHUH YpaBHEHHA MOKHO IOTepATh
KOpHH. HDBTDMY, eCJIH TaKoe npeoﬁpasoBaHHe BCe-TaKH H806XD,I[I/IMO,
4acTo NPUXOAMTCA paccMaTpUBaTh ABa cirydad: a) f(x) >0, g(x) >0
(B aToM ciyuae log, (f(x)g(x)) = log, f(x) + log, g(x)) u 6) f(x) <0,
g(x) <0 (mpu atom log, (f(x)g(x)) =log,(—f(x)) + log,(—g(x))). Cae-
JIaHHBIE DEKOMEHJAITHHW OCTA0TCA B CHIE U A4 CIydas npeoﬁpasoBaHm[
pasHocTH JorapudpMoe B jorapudm 4acTHOro 1 HaobopoT.

[Ipu pemeHnu ypaBHeHUH, cofepkaliux BRpaxeHud Buja log, f ()
ceflyeT ucronbaosaTh gopmysy log, f21(x) =2n-log, | f (x)|. Ecim He 10-
CTABMTH 3HAK MOAY/IA, TO NOAYYUTCA PABEHCTBO, B KOTOPOM JIeBad 4YacThb
ompezeNeHa IIpy Beex X, A KoTophix f(x)# 0, a npaBad 4acTb — IIpH
BCEeX X, ULl KOTOPEIX f (x) > 0, To ecThb 061acTh oNlpefeeHHs J1eB0oii YacTH
OKakeTcs IMHpe, YTO MOMKET INPUBECTH K IIoTepe KOpHEeH IIpH peleHuH
COOTBETCTBYIOLIETO YPaBHEHHA.

Tpu nepexo/ie K ypaBHEHHIO-CIEACTBHIO Ie1eco06pa3Ho HauuHaTh pe-
HIEHWE C BHIMUCHIBAHWUA HEOOXOAMMBIX OrpaHuyeHHi (061acTH JOMyCTH-
MEBIX 3HaYeHuH, Wik O]3, — npH BceH CIIOPHOCTH TaKoro JJOBOJIBHO ITPOY-
HO VKOPEHMBILIEroCa B pa3HOro poja NnocobHAaX CI0BOCOYETaHUA U COOT-
BETCTBYIOLEH eMy abbpeBHaTyphI).

Ilepexod k ypasHeHuio-ciedcmsuio
Ipumep 1. Pemmure ypaBHenue lg(x —9) +1g(2x —1)=2.
x—9>0,

Peimnenne. Haunem c Haxoxzaenusa O/13: = x>9.
2x—1>0
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Janee, 1g(x — 9) + 1g(2x — 1) =2 = 1glx — 9)(2x — 1) = 2, oTKyaa
(x—9)(2x—1)=10% u 2x>—19x —91=0.

KopHu KBazpaTHOTO ypaBHEHHUA:

X = —% — He yAOBAeTBOpAeT yeaAoBHI0 X —9>0;  x,=13.

Omeem: 13.

Pagrocunsrste npeobpazosanus

Mpumep 2. Pemmre ypasrenue lg(x? —3x +1) =1g(2x — 5).
Pemenne. lg(x*—3x+1)=lg(2x—5) <

x=2,
x*—3x+1=2x-5, x2—-5x+6=0, [x_3
— 1 = — & x=3.
2x—5>0 x>2= 1
2 x>2§
Omaem: 3.

Tlpumep 3. Pemmte ypasaenue log, (x — 5)%=2.
Pemenne. Crocob 1.

x—5=3, x=8}
logs(x~5)"=2 & (x-5°=9 < [x—5——3 = [

Criocob 2. log,(x —5)*=2 <

=
< 2logg|x—5|=2 & logz|x—5|=1 < |x-5|=3 < [

X =2

Omeem: 2; 8.

B kadecTBe ciefylommero ImpUMepa paccMoTpHM 3afaHue 11 gyacth I
BBOJJHOM [THATHOCTHIECKOH PaboThL.

IMpumep 4. Pemmurte ypaBHeHHE
log;(x*—12)+0,5 log, ri=1],
Pemenwne. Boclonb30BaBIIMCE CBOMCTBAMM Jorapu$MoB, Ieperu-
meM ypaBHEHHE B BUJe
log;(x* —12) —log, |x| = 0,
OTKyZa
x2—-12 = x|,

2_ =
log,(x*—12) = log; |x| < {x;éo.
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/3 ypaBHeHHA CHCTeMBl HaXoauM |x| = 4 (oTkyaa x =+4) mubo |x|= -3,
YTO HEBO3MOJKHO.
Omeem: —4; 4.
Mpumep 5. Pemmte ypasuenue log, (log: (logg,s (x*+x—1))) =1.
Pemenne. log,(log: (loggys(x*+x—1)))=1 <
2
1
= log% (logeps (x> +x—1)) =2 & logg,s(x*+x—1) = 7L
2 1 P x=-3,
= x*+x—1=625i & x*+x-6=0 < I
Omeem: {—3; 2}.
I'pynnupoeka u pasnoxceriie Ha MHONCUMENU
IIpumep 6. Pemmnre ypapHenue lgx —x+xlgx—1=0.
Pemenne. IlepenuiineM ypaBHEHHE B BHJE
(lgx+xlgx)—(x+1)=0 & lgx- (x+1)—-(x+1)=0 &
x+1=0, pa—ani
e (x+D(Igx—-1)=0 Igx-1=0, x=10, &
x>0 x>0
<= x =10.

Omasem: 10.

IIpumep 7. Pemure ypaBHEHHE l;§x2 —1g10+log,x —Igx=0.

Pewenune. [lo ceoiicreaM Jjorapudgmon 103;2 = log, x. [Nepenuinem
ypaBHEHHE B BHJe :

lgx-log,x—1+log,x—lgx=0 <

< lgx(log,x—1)+(log,x—1) =0 < (Igx+1Dlog,x—1) =0 <

lgx =—1, x=0,1,
= =
log,x=1 =2

Omeem: 0,1; 2.
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2. 3ameHa nepeMeHHOH

IMogasnaiomee GOTBIIMHCTBO JOrapuPMHUIECKUX ypaBHEHHH, perae-
MBIX ¢ MIOMOIIIBIO 3aMeHB! IEPEMEHHOM, CBOAMTCA K KBaJPaTHBIM ypaBHe-
HUAM. PaccMOTpUM IpHMEDHI.

IMpumep 1. PemuTe ypaBHEHHE logg x—2log, x—3=0.

Pemenue. Bpezem HoByIo nepeMmeHHylo. [Iycte log, x = y. INomyuum

apHerue y? -2y —3=0 & yoob
yp X Y y=3.
1
10 x=_1} =3
e Pl s

Omeem: %; 8.

IIpumep 2. Peuiure ypaBHeHHe logi x—log, vx—15=0.

Pemenwne. [lepenmieM ypaBHeHHE B BHIE logix - %log4x —1,5=0.

[Tycts log, x = v. YpaBHeHHe IpUMeT BU] v2— %v -15=0< |:

Bepuemcs K npexHel ITepeMeHHOI:

log,x = —1, x=4"1 )
= = 4’
8.

log4x=% x =43

L1
Omeem: 7 8.

B xauecTBe ciefAyionlero NpuMepa paccCMOTPHMM pelleHHe 3afa4yu 12
yacTu [ BBOZHON JHAarHOCTUYeCKOH paboTEL

Ipumep 3. Pemure ypasuenue log, 2 —log, x + % =0.
Pewrerue. BHauase mpUBezeM JOrapu$Mbl K OCHOBaHHUIO 2:

7 — 1 1 7 _
log,2—-log,x+2z=0 < o5 5 logy x4z = 0.

IIycte log, x =y. YpaBHeHHe IPUMET BUT

2
y==3z;

y=3.

1. =1

;—§y+%=0 & 3y’-7y-6=0 [
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u o 10g2x=_33 [x=2 ”
BepHeMcs K MpeXHeH TepeMeHHoii: =
log, x=3 x=8

1
(0] 18 ==,
meem 77
Ipumep 4. Pemmre ypapuenue log,(2-4° 2 —1)=2x—4.

Pemenme. log,(2-4*2-1)=2x—4 & 2-4°2-1=4>"* Ilycms

x—2 y2_2y+1=0: o
4 “=y,y>0. Toraa S < y=1. BepHeMcA K IIpeKHeH
nepeMerHOI: 4 =1 & x—2=0 & x=2.

Omeem: 2.

3. Or6op xopHeli B JorapupMHUIecKHX YpaBHEHHUAX

IIpumep 1. Pemure ypaBHeHUE
log, (4 — x)2+2 log,(2x —1) = 4log, 3.

x#4,
Pemenwne. O/13 . 1

5
2log, |4 — x| +2log,(2x — 1) = 4log,3 <=
& log,(|4—x|-(2x—1)) = 2log,3 & |[4—x|-(2x—1) = 9.
PaccMoTpuM ABa ciayyas.
Ecmmx>4, 10 (x—4)(2x—1)=9 & 2x*—9x —5=0, OTKyAa x =5
aubo x=—0,5. Kopenb x =—0,5 He yAOBIETBOPSAET HEPABEHCTBRY X > 4.

Ecm x <4, 10 (4—x)(2x—1)=9 < 2x?—9x+ 13=0. [Nocrensee
yYpaBHEHUE HE UMeeT KOpHEH.

Omeem: 5.
Mpumep 2. Pemmre ypasuenue log, ;x>=log, ,(6x —8).
Pemenue. log, ,x*=log, ,(6x—8) <

x* = 6x -8, x*—6x+8=0, [x= 5
= x #0, x =4,
= 0 = 7 = = x =4,
x—1>0, x>1, x>1,
x—1#1 x#2 e

Omeem: 4.
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4, [IppuMeHEHHE CBOHCTE PYHKIHIA

IIpumep 1. PemuTe ypaBHEHHE
2
log,x = <.
Pemenue. M3 ycnoeus wiegyer, 4yro x € (0; +o). Ha 3ToM npoMexyT-

ke ¢ynkima f(x) =log, x MOHOTOHHO BozpacTaeT, a gynkuua g(x) = Jz—c

MOHOTOHHO yOmiBaer. I[TosroMy ypaBHeHHe f(x) = g(x) umeer He Gonee
opHoro kopHsa. INockoneky f(2) = g(2), X = 2— eAMHCTBEHHBIA KOPEHb
ypaBHEHUsA.

Omeem: 2.
IIpumep 2. Pemure ypaBHeHHe

logg(x2 —6x+12) = cos(2mx).
Pemenue. [TockoibKy
x*—6x+12=(x—3)?+3 = 3,

MOIY4YUM
log,(x*—6x+12) > 1.

Ho
cos(2mx) < 1.

TNoaTOoMY ypaBHEHHE HMeeT PellleHHe TOIBKO B TOM CJIydae, eclu
log;(x*—6x+12) =1,
cos{2mx) = 1.

EnMHCTBEHHBIM KOPHEM IIEPBOTO ypaBHEHUs CUCTEeMHI ABIAETCI X = 3,
KOTOPHIH YAOBIETBOPAET H €€ BTOPOMY ypaBHEHHIO.

Omaem: 3.
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W N

N 1B

8.

. a) log,; x

.a) log§3x=

3azayu

.a) log4_x(2x2 —9x+10)=0,
. @) logo y* =log,4(19y)?,

- log,; x”

. a) x* +logs x +log;s % =11,
. a) logs(x? —12) =log;(—x),

1
log, 23’

6) log, ,(3y*—7y—5)=0.
6) logs z* =log;4(162)°.
6) log,s z

= log,. 2"

2 36
6) y“+logs y +logg ¥ =83.
6) log; (y? —35) =log;(2y).

1
6) 108’%3 y= m.

. a) log;; (x* — 5x 4 6) =log,, (x — 2),

6) log,; (y*>+9y + 18) =log,; (y + 6).

a) log?x —log, x* +2=0,

6) loggz —log,z7 7 +12=0.

9.a) log§{4x —1)=log,(4x — 1)%, 6) log§(7y —5)=log,(7y — 5)2.
10. a) log,: 13=1logg., g, 13, 6) log,. 17=10g,3, 17.
1.9 SR s =0 0 Saers =0
12.a) (x+ 1) log, . ,(x+3)=0, 6) (x+5)(x+2)log ; ,(x+9)=0.
13.a) (x+2)(x—5)log, . (x+7)=0,
6) (x—9)(x+2)log, ;(x+4)=0.
14.a) (x—Dlog, ((x—7)=0, 6) (x+8)log,. .(x+1)=0.
+11 +19 x—11)}(x+21
15.a) %ﬂ’ 0) (logw&%s))ﬂ-
16. a) (x —5)log,(x —5) =0, 6) (x—8)logy(x —8)=0.
17. a) logy (2% — 24) =logy(—22), 6) logg(x? —18) =logg(3x).
18. 2) (x*—4)In(1—x) =0, 6) (y2—16)1g(1— y)=0.
19. a) log,(2— y)-log,(2y*—9y +10) =0,
6) logg(3—y) -logs(2y% — 13y +21) =0.
20. a) log; ,(x*—5)=1, 6) log, 4, (z*—8)=1.
21.a) (x*—9) Ig(—x) =0, 6) (y?—4)1g(—y)=0.
22.a) (x+2)In(x+1)=0, 6) (z+3)1g(z—7)=0.
23. a) logs(x+1)*=8, 6) log,(z —2)°=12.
24, a) logz(x2—7) =log, ,{(4—x), 6) logz(x2 —23)=logy_,(6—x).
25. a) logy; (y*—35)=log; , 1, 6)log;3(y*—3)=log; , 1.



TpenupoBouHasa padora 9

Penmite ypaBHeHHEe
1. log,: 13=log, s, 13.
2. (x+1log, ,(x+3)=0.

2 L
3. x* +log; x +log; ~=>50.

4. log;s x*=log,5(15x)2.
5. log?(5x — 4) =log, (5x — 4)%.

(x=16)(x+19) _ o
log,,(x+17) ~—

7. log,(x* —12) =log, x.
8. log; (x+1)*=8.
9. logg (3 — x) - log, (2x? — 13x+21) =0.
10. log,,(x*—24) =log,_, 1.
log?,,(x—1)+logi(2x—5)
) log§+l(x —1) +log§(x —2) -

Vad—=x—/x®—5x2+4x

" Va—x+log?  (x*—5x2+4x+1)

12



YacTh II. CUCTEMBI YPABHEHUU

Buayvane HaIlOMHHM OCHOBHEIE oIpeJeyaeHHuAd. PaCCMO'I'pPIM YpaBHEHHA
fG;)=0 n glx;y)=0. )]
T'OBOpHT, YTO JaHa CHCTeMa

fx;y)=0,

gx;y)=0
IByX aarebpalyecKuX ypaBHEHUH C JBYMA HEM3BECTHBIMH X MU Y, €CIH
TpebyeTca HaWTH Bee Maphl Yucen (Xg; Vp), KakJasd U3 KOTOPEIX ABJAeTC
pelleHHEM KaxJoro U3 ypasHeHHH (1).

Ilapa uucen (xy; ¥p) HasbBaeTcsa pelleHUeM cucmemsl ypasHeHull (2),
€CJyIi OTHOBPEeMEeHHO CIIpaBe/THBE ABa YHCIOBHIX paBeHcTBa f(Xy; ¥o) =0
U g(xg; ¥o) = 0. Pewuums cucmemy ypasnenuii (2) —3nauum nailmu mHo-
Jcecmeo ecex ee pewteHull (ecau 3Mo MHONCECMBO ABASLEMCS YCMbIM, MO
2080psiM, YUMo cucmema He umeem peuieHuil).

Cucremnl Tpex U bosiee ypaBHeHUH ¢ TpeMA W 6osee HEM3BECTHBIMH
ONpeAeNAITCA COBEPIIEHHO aHaI0THYHO.

[pexxze YeM MepeXOJUTh K IPUMEPAaM PelleHHA CUCTeM YPaBHEeHHUIH 1o
KaykZI0¥ U3 mecTH GYHKIIMOHAIBHO-YUCAOBEIX JMHUN NIKOIBHOTO Kypca,
VKajKeM HEKOTOpPhle OCHOBHEIE PABHOCHIBHBIE MPE0OpPA30BAHUA CHCTEM
YpaBHEHHI:

® TIepeHOoC CIaraeMoro U3 OHOM YacTH YPaBHEHUA B APYTYIO;

e yMHOXKeHHe o0eMX yacTel ypaBHEHMs CHUCTEMBI Ha OJHO U TO XXe
OTJAMYHOE OT HYJA YUCIIO;

® [TOWIEHHOE WIOKEHHUE JIBYX YPAaBHEHUH CUCTEMEI ¢ MTOUIeAYIOIeit 3a-
MEHOH O/JHOTO M3 HHX Ha ypaBHEHHe, NOJIYYEeHHOE B pe3yibrare CIoKe-
HHUA.

3ameuanus,

1. TowieHHOe YMHOMXKEHHE IBYX YPaBHEHWI CHCTEMBI C IOCIEIyIO-
el 3aMeHOl OHOTO M3 HUX Ha ypaBHEHHE, IOIYyYeHHOe B pe3ylbTaTe
YMHOKEHHS, MOXKeT IPUBECTH K IPHOOpeTeH!I0 IOCTOPOHHUX PeNIeHHIA.
B aTOM ciyuae ciefyeT cAenaTh NPOBEPKY HAWAEHHBIX PEelIeHUI IyTeM
UX TIOJCTAHOBKU B MCXOJHYIO CHCTEMY.

2. [Ipeo6pazoBaHna ypaBHEHHI CHCTEMEI (B YAaCTHOCTH, IIPUBEEHUE
NMoZloBHBIX) He JOMKHBI M3MEeHATH 0OJacTH JAOMyCTHUMBIX 3HAYEHWH Ile-
peMeHHBIX. Cy)xeHHe 06JacTH JONMYCTUMEBIX 3HaYEHUH MOXKeT NpPUBECTH
K TIoTepe pellleHH#, pacuMpeHHe 06JacTH JOMYCTUMBIX 3HaYeHMH —
K NpHUOGpeTEeHUIO MMOCTOPOHHUX pPelleHHI.

(2
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CHCTeMBl TMHEHHBIX YpaBHEHUH, KOTOPHIM 3HAYMTENbHOE BHUMaHHUeE
VAEJNAIOCH B OCHOBHOM IIKOJIE, MBI 3[leCh paccMarpuBaThk He 6yzeM. Oc-
HOBHBIMM METOJaMH pellleHHsA CUCTEM, COep:KallluX HeJIMHeHHble ypae-
HeHUsA, ABIAIOTCA CAeAyIonme:

® TI0/ICTAHOBKA,

® 3aMeEHAa HEPEMEHHOf‘I,

. aﬂreﬁpaﬂqec:f{oe CHIOXKEHHE,

® DAZJIO0KEHHE Ha MHOMHTEIH.

PaccMOTPUM HECKOIBKO TIPHMEPOB PEMIEHHs CHCTEM LENbIX anrebpa-
MYECKHUX ypaBHEHHUH, HayaB c¢ pazbopa 3aga4 1 m 2 yacry I BBOgHOM
JAMarHOCTHYECKOH paboTHI.

Mpumep 1. Pemure cucTeMy ypaBHEHUNH
{ xy+x+y=11,

x2y +xy? = 30.
xy+x+y=11, xy+x+y=11,
Pewienue. . 5
x“y+xy =30 xy (x+x) =30.
Ob6ozHauum xy =%, X +y =t.
t=>5,
. z+t=11, z=6,
=
HCTeMa IIPUMET BHJ, rr =30 "
=0
[ [ x=3,
y=2,
x+¥y=D5, x=2.
=6. x=3,
Torma =
x+y=6, x=5;
xy=>5 xX=1,
=1,
| | x=5.

Omeem: (3;2), (2;3), (5; 1), (1; 5).
[Ipumep 2. Pemure cucTeMy ypaBHeHHIA
P+yr =gz,
{x+y+z = —0,5.
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Pemenue. BrlpasuM H3 BTOPOr'O YpaBHEHHA IepeMEHHYIO z udepes
repeMeHHBIe ¥ W X U MOJCTaBHUM IOJIyYeHHOE BRIpayKeHHue B [IepBOe ypaB-
HeHHe cucreMsl: X2+ y2=—y —x—0,5, oTkyza x>+ x+ y>+y+0,5=0.
Brienum mnosnHbBle KBajpaTel B JIEBOH 4YacTH IOCAeJHEro ypaBHeHUA:
(x+0,5)%+ (y +0,5)2=0. Cymma ABYX KBa[paTOB PaBHA HYJIO, TONBKO
ecIM KB U3 HUX paBeH Hyao. 3HauuT, x =—0,5, y =—0,5. [ToaTomy
z2=—-0,5—x—y=0,5.

Omeem: (—0,5; —0,5; 0,5).

OoHUMH M3 OCHOBHBIX METO/IOB PEllleHHA CHCTEM HeJIMHEHHBIX ypaB-
HEHUH ABIAIOTCA METO/ IMOACTAHOBKM M METO/| BBE/[EHHA HOBHIX NTePEMEH-
HBIX (B IIpefiesiaX OJHOT'O YPaBHEHH:A WIH BCeH CHCTEMBI), KOTOPBIE TIPOMJI-
JIOCTPUPYEM CIeyIOMMMH IIPUMepaMu.

I[pumep 3. Pemure cucTreMy ypaBHeHUH
3x%+2y = -1,
x4+x2y —yz = —5.

1+3x?
2

Pemrenue. 13 nepBoro ypaBHEHHA CUCTEMEI ¥ = —
CTaHOBKH BTOPOE YpaBHEHUE IIPUMET BH/[

2 252
x4+x2(—%) _ (_1+23x ) S

S 4t —2x*(143x) - (1+43x%)?=-20 & —11x*—8x2+19=0

, TTOCJIe 1104 -

O6o3Haunm t = x2, t=0.

f=1;
Torza 11t*4-8t—19=0 < [ 19
:—ﬁ_
x=1,
ockonbKy t = 0, HaM moaxoAMT t=1, To ecTh x°=1 < [x——l
Tomay=—w=—2.

Omeem: (1;-2), (—1; —2).
I[Ipumep 4. Pemure cucTeMy ypaBHeHHH

e+ xy2+ ¥y (x + yH)? = 225,
c—x2+yD(x+y?? = 25.

Pemenwue. IIycTe X+ yz =z, xyz =t
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Cucrema TNPHMET BH

(z+02% = 225, =y, t= 3z, =i
2 = = Z 2 =

(z—1)z% =25 (z—1)z% =25 = 5 =

BeimonHuM 06paTHYIO 3aMeHYy:

Omeaem: (4; 1), (4;-1), (1;2), (1; —2).
Cpey CHCTEM HEMTHHEHHBIX YPaBHEHHIi JOBONBHO YaCTO BCTPEYAloT-
¢ CUCTeMBI, COfiepIKalliie OJHOPO/HBIE YPABHEHHA, U CUCTEMBI, TIPUBO/H-

MBIE K TTIEPBBIM.
I[Ipumep 5. Pemure cucTeMy ypaBHEHUH

.7c‘2—33c:y+2y2 =0,
x2+y?%=20.
Pemenue. PasjieMM Neppoe ypaBHEHHe CHCTeMBl Ha y2 (3aMeTuM,
yro npu y =0 cucTeMa He UMeeT pelleHUit):

2 3 2
T-Fi2=0 e () -a2i2=0.
¥y % y

Il
-

t=1,
0603HaUNM §=t. Torga t> —3t+2=0 < {t—z

x=y? x=ys
x*+y?=20, 2y?=20,
CiiefioBaTeNBHO, =
{x=2y, {x=2y,

x> +y?=20 5y%=20.
Omeem: (v/10; v10), (—v10; —v10), (4; 2), (—4; —2).

TO €CTh

<x < x
Il
b
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MpuMmep 6. Peinre cucTeMy ypaBHEHHH
2x% —3xy+3y% = 80,
x?+xy — 2y* = —56.

Pemenue. 3amerum, yto 80=8-10, —56=—7-8, yMHOKHM IlepBOe
ypaBHeHUe Ha 7, BTopoe Ha 10 U cioxum:

14x? — 21xy + 21y% +10x% + 10xy — 20y* =0 & 24x*—1lxy+y*=0.

Paszie/ MM MOTyYeHHOe ypaBHeHHe Ha x> (3aMeTHM, uTo TipH X = 0 cucTe-
Ma He UMeeT pelIeHHi):

O603HauYUM % =

¥
Toma 2— 11t +24=0 & | > x=8 _ [y=sx
orga t*—11t+24=0 < t=3, TO ecTh y_ = =5z,
X
[Nomyumm
y:&x, y=8x,
2x% —3xy +3y? = 80, e B
- 17°
¥y =3x, Y=g
2x?—3xy +3y? =80 x? = 4.
; IR, oW, rugvE, BV e
Omeem: (‘/1—73 m :( m i m )} (23 6),{ 2, 6).

Cpem{ CHUCTEM HeIMHEeHHBIX ypaBHEHHﬁ MOHO BBIIEIHUTE CHCTEMEI
CHMMETPHYECKHX YpaBHEHHﬁ. K HUM OTHOCAT cHCTeMEl BHA

Flx;¥) =0,

glx;y) =0,
rae f(ey) = f(y;x), glx; y) =g(y; x) (Takue MHOrowIeHbl Ha3hIBAIOT
CUMMeETpHYECKMMHU). MHOTOWIEHE # =X + ¥ U v = Xy Ha3sblBaloTCcA Jjle-
MeHTapHBIMH CHMMETPHYECKUMM MHOrOWIeHaMH. PellleHHe CUCTEM CHM-

METPHYECKHX ypaBHeHHﬁ OCHOBaHO Ha TOM, 4TO snroboi cumme‘:‘puqecxuﬁ
MHOTOYWIEH MOHO BBIPDa3HUTh Yepe3 djieMeHTapHBIE. Hanpm\lep,

X4+y? = (x+y)>—2xy =u®—2v,
Py’ = (x4 ) -3y (x+y) = u’ —3uv.

ITpuMepoM pellleHHs TaKOM CHCTEMEI ABIAETC IpUMep 1 aToro maparpa-
¢da. B HeKOTOpHIX CIydasx pelleHHe cCMCTeM CUMMETPHYECKUX ypaBHeHHI
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yaaeTrcda MoJay4YHTh 6e3 MCIoNb30BAHUA YEMEHTAPHBIX CHMMETPHYECKHX
MHOT'OWICHOB.

IMpumep 7. Pemure crcTeMy ypaBHEeHMIH

xy =2,
cC+y?=09.

xy=2, x*y®=8,
Pemenue. =

x*+y*=9 x*+y*=9.
ITyets x*=a, y3 =b. Tloayuum cuctemy {ab=8, =
a+b=9
a=38, {x3=8, x=2,
= Toraga

&
{a= b x3=1, {x=1,
b=8. y3=8 y=2.
Omeem: (1;2), (2; 1).

Pelienye cucTeM ypaBHEHMH, coflepikaliiX MOAY/Ib, OGBIMHO CBOAUTCA
K PacCMOTPEHUIO HECKONBKHX CJIYYaeB, B KayKJ0OM M3 KOTOPBIX TPHXOAUTCA
peliaTh CUCTEMY VPaBHEHMIl, y)Ke He coflep/kalliiX 3HAKOB abCoMOTHOM
BEJIMYMHBI.

I[Ipumep 8. Pemure cucTeMy ypaBHeHUH

|x_1|+y=03
2x—y=1L
lx—1|+y=0,
Pemenwne.
2x—y=1
x—1=0, x=1,
x—1+y =0, 3x =2,
2x—y=1, y=2x-1, {x 0,
= = = _
x—1<0, x—1<0, y==1
—x+1+y=0, y—x=-1,
2x—y=1 2x—y =1

Omeem: (0; —1).



§ 1. CucTeMBl LeabX aarebpanyecknx ypasHeHUH 117

3azayu

Pemmmre cucreMy ypaBHeHHH

I
w

1. a)

+ +
b= W=

Wl b3l=
I
=

|
I=

I
ol

<
I
N

ook )=
+

(=
o

3x2+y
— 2x% —

(x+ 6:/)2 = 7:/,
(x+6y)*=7x.

jine
|
|
{5X 4y =9,
<
|
|
{

+
m

)

wn
]

.a)
(5x —4y)*=x*+80.

2x+3y =7,
2x*+y=9.
2x =5y,
Sx= 2y

6. a)

~1
o

. a)

(2x+3)*=7y,
(Bx+2)2=7y.
3x% —2x= Y,
Ix-2=y.

10, ) {(J; 3y)(x—y)=0,
ye+3y+1l=x.

®
[

)

9.a)

=4y +1,
x*+3=4y+y>

{(x 2)(y+3)=0,

11. a)

(> —4)(y +4)=3x.

x2=36y?,
13. a)
6 =y+7.

x_Y_
7 3
L
3 77
x_ Yy
9 2=6
X _V_
sta=3
4x?—3y=1,

6) Y
252 +3y=5.
3x —8y)?= X,

6 ( y)2
(8x—8y)*=

6 8x+9y =6,
(8x+9y)2—x +27.
3x+5y=-8

o {rarr
3x? +y=2.
3x=5y-,

0 ¥
Sx= By

6 (7x —2y)?>=25y,
(2x—7y)*=25y.

6 6x%+5x= 11y,
6x+5=11y.

6 (x+2y)(x 3y)=0,
y*—4y+25=2x.
xo=ay-. 7,

6){ 4
x> +23= 2y+y

6 x—=3)r—-7)=0,
(x* = 9)(y — 4) = 24x.
x*=9y?,

6) 4
F=Y+2.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

x+y=10,
xy =24.

lx+3y|=2y+3,
|2y +3|=5.

2x? +3y%=11,
4x* +6y*=11x.

y2—xy—3y+4=0.

o

x2=5y—6,
y?=5x—6.

—..10.,11
=XYoo,

(x—=5y)(x—3)=0,
4y*—xy+3y+4=0.

|2y% +3x% + 4| =2y 4+ 3x% +x,

xy=2_8.

lx—2y|=5,
y{x—2y—5)=20.
x+2y=5,

x* —4y®=35.

{
{
{
{
{
{
{{X—Zy)(x+3)=0,
{
{
{
{
{
{

o
o

3y2+4x*+4|=3y*+4x*+y,

|x—5y|=9,
y(x—=5y—9)=-90.
x+7y=1,
x?—49y%=5.
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Penmire cucTreMy ypaBHEHHIL.

3x+5y=1, = x+y+xy=5,
2x—3y=7. Py xy=7.
x—2y+2z=3, x2—2xy=3,

3X+y+z—1 8 3x2_2y2=1'

—2x+3y—3z=—4.
5 {x2+y2+x+y=8,

2y +y*x=6.
yi+x=0. L
24
x+y 1, x“ty=2,
10. \
x+y =2
x+y+xy=0, i x+y=2,
+y +xy =12 3x—y|=
x*-y*=3, 1o [ XIF+2ly1=3,
4 xy+y*=7. " | 7x+5y=2.

{
e
e
i
{7



§ 2. Cucremsl, cogepkalire APOOHO-PALUOHAIBHbBIE
ypaBHEHUA

Obupe MeTOAB! pellleHUsA CUCTEM, COAEpKaluX ApoOHO-palMOHaIb-
HBIE YPaBHEHMA, OCTAIOTCA TEMM JKe, YTO M 1A CHCTEM LieJIbIX ypaBHEeHUIH:
MeToj anrebpanyeckoro CIOXKeHHA, IOJACTAHOBKA, 3aMeHa IepeMeHHON
B IIpefiesiax OJHOT'0 WIM HECKOIBKHX YpaBHEHHUI CUCTEME], pa3jIoKeHHe Ha
MHOMXKHUTENHU U T.1. OCHOBHOE OTIMYME — HaJMYMe OTrpaHUYuYeHMH, KOTO-
PBIM ZO/DKHBI VAOBJIETBOPATH PelleHHA CUCTEMEI (3TH orpaHHYeHHs, Kak
TIpaBWIO, CBA3AHO C YCJIOBHEM HEpaBEHCTBA HY/IIO 3HaMeHaTejeil ofHOMH
WM HECKOMBKUX anrefpandeckux qpobeii). PaccMOTpUM IIpUMEPHL, HAYAB
¢ pemeHud 3aga4 3 u 4 gyacru Il BBogHOI AHarHoCTHYIECKOH paboTEL

I[Ipumep 1. Pemnre cucTeMy ypaBHEHUH

Pemenwne. PaccMOTPUM TOJBKO TI€pPBOE ypaBHEHHE CHCTEMEl U 060-

X _ y_1
3HAYMM 7 =t, 0148 T =1, t#0.

H.M&&Mt—%:% = 62 -5t—6=0 <
2 G|
t=§, _=Es
2 y
= TO €CTh
pes 2 x__2
-3 y~ 3
3 3
I - x=§ys x=_2y,
OJIY‘-IaEM ABE CHCTEMBEI ypaBHEHP]}I 5 2 HIH 5 2
x“—y“=5 X —y"=5,
x=§y? x=_§ys
T. €. 9 5 5 HIH 4 5 5 BTOpaH CHCTEMA HE MMEeT peme-
i A Y —y =5

HMIi, pellleHyaA MepBoi CUCTEMBI al0T OTBET.
Omeem: (3, 2), (-3, —2).
pumep 2. Pemure cucTeMy ypaBHEHUH
2 +2 2
el G
y
x2+2y2)2
— ) =9%.
(=
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x%+2y*
3 24 =z. [Tonyyaem

Pemnenue. IlycTh

BepHe.‘MCH K IIpEeXHHM ITepeMEHHBIM:

xi=,

=il x=1, y=1
2 2 =

X ey 2y2—3y+1=0 {x:l,

4 1

y=s

Omeem: (1;1); (1; %)
IIpumep 3. Pemwure cucTeMy
2xy—3= =15
{ -x:), x y |
Xy + ; =15.

Pemerne. O6o3uauum a=xy,b= ;_c Torza cucTeMa IIpUMET BHL

2g—3h=15, a=13,
giilp=% ™0 =9

Omeem: (6; 2), (—6; —2).
IIpumep 4. Pemure cucTeMy ypaBHEHUIH

3
3x+2y+m =4,

Y -
3x+2y-3 =5

Pemenue. [Iycte 3x + 2y =t, t #0. Torga neppoe ypaBHEHHE CHCTE-
MBI IIPDUMET BHJ £ + %=4. YMHOXUB 0be YacTH MONyYeHHOTO YpaBHEHUA

Ha t ¥ penIuB ToIy4eHHOe KBajpaTHOe ypaBHeHHUe, HalifieM, 4To t =1 1u
60 t=3. B nocseHeM ciydae 3HaMeHaTeNIb 4p0o6H B JIeBOH YacTH BTOPO-
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r'o ypaBHEHHA CHUCTEMBI oﬁpamae'rr:ﬂ B HV/IB, IIO3TOMY OCTAE€TCA TOJIBKO

3HaveHue t =1, 1.e. 3x + 2y = 1. [logcraBuM 3TO 3Ha4YeHHe BO BTOpoE
ypaBHEeHHEe CHCTEMBI: 13%3 =5, orkysa y =—10. Torga 3x—2-10=1
Hx=7.

Omaem: (7; —10).

IMpumep 5. Pemmite cucTeMy ypaBHEHHH

X
y=——=%

1_Jc+6
x(x?— ¥y—36) =0.

Pemenne. IIpeobpasyem IpaByio 4acThb IIEPBOTO YPaBHEHHA CHCTEMBI:

X _ X . X
1]__6 ~ x—6+6 X
x+6 x+6 x+6

[TocKONMBKY 3HAMEHATENE TI000H U3 Apo6el OTIHIEeH OT HYJIA, TIOIyIaeM,
yro X #0, x # —6. B aTOM Cy4ae

X

T — =x+6,
x+6

U TMepBOe ypaBHEHHME CUCTEMBI IIPHHUMAaeT BUA y = X + 6. TTockonbky
X #0, U3 BTOPOTO YpaBHEHUSA CHCTEMbI MOMyduM X2 — y — 36=0 . [ToxcTa-
BMB B 3TO ypaBHEHHE Yy =X + 6, IPUXOUM K ypaBHEHHIO X2 — x —42=0,
KOPHAMH KOTOPOTO ABIAIOTCA X = —6 (3TOT KOpeHb He YAOBIETBOpSAET
VCIOBHIO X # —6) U x =7 (B aTOM ciydae y =7+ 6=13).

Omsem: (7; 13).
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Penmre cucTeMy ypaBHEHHIL.

x —
2y+3 =3

|
|
=

&
+"'{
(9% ]
o

+
Il
N

=l = |w
+
= |w = |un
Il
b

(x—9)(x—6) ey
y+8 :
D urou-9 _,

x—6
_25
4x = Y +15,
_35
A== S

X Y

4x—7" 4x—-7°

4x*+19y +21=0.

x Y
5x—4y ~ 5y—4x’
xy=-—16.

3azayu

X —_—
4y+1" &

6) y _ 1
ay+1_ 3
7,8 ¢

6{ > 7
8.2 &

x 'y
B_1_y,

S
2B
x ¥
7x _2Y

6) { 2y 7x’
7x—2y=-14
8x+§=—13,

6) :
Ix+==2

B 4
(x—8}(x—4) =D

6) y=>

-9+ _,
x—4 T
sx=-2_17,

6) Jé
5y=—;—17

x __ ¥

6) 3x—8~ 3x-8’°

3x2+5y—8=0
X ...

6) { 3x+4y ~ 3y+4x’

xy=-—9.
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x+3_1 x+7_1
4y — 7 8y 7
10. a) rify 6) x+7y
ax Y 8x V"
ﬂ=3’ 2x+5 =5
11.a) { ¥ *2 6){ Y+l
x2=3y+7. x*=5y+8.
x—1=x—2 x;5=x+4
12.2){ ¥-1 y-2 6){ Y > Yt
y2=3—2x y2=5+4x.
(x+1)(x—8)=0 +7Ny—-2)=0,
13. a) y—3 s 6) x+12 -
x+y-2 x+y+10~ "
1_24 = -
14.a) { ¥* ¥* 6) { ¥* ¥y
xy=—8 J(y=75
2 2 3 3
x_5=5x_4: x_3=_5 x?-’
15.a) {4 ¥ y 6){ Y ¥
x—5y=15 x+5y=25
£ gtk Li5.2=5,
16.a) { Y % 6) 4 Y X
x—y=—14. x—y=4.
4
x+2y+ =8, xX—y——-——=3,
17. 2) S 6) 7
¥y Y e
x+2y-5" " x—y—4 '
%:5, %=3,
18.a) | , . 4 6) 5
¥y x+y
7 =3y+5 5 =-2y+3
x—4y -8 x+2y—4
19.3){ =4 6){ x =
|x —4y] lx+2y|=4
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20.

21.

22,

23.

24.

25.

x%4+5x+4=0,
a) x+y+6_,
y+2 — "
(y +8)(y+3)
—,
a) x—2
?+y=1,
3-%—2-%=5
a)
X X
6';—4';—53(
%+%=L
a) 1
XY=—g
x+§=3,
Me_1
y 2
x?+12xy
a){ 2xy—3y* 7
x—3y=-12

x*+4x+3=0,
6) Jc+y—4_3
y=s =7
Y-DO+d _
6) x+6 T
x*+y=32.
x Y _
ol 7Tx"
x ¥ .
5 m
11
=+==7,
6){ " yl
XY =13
x+§=—L
6) ¥
x__2
y 3
x* —10xy
6) { 3xy+2y* i
x+2y=-12



PemruTe cucTeMy ypaBHEHHI.

|
|
|
|
'{
'{

TpenupoBouHasa paGora 11

(x—=5)(x+6) =0
¥+5 T
(y+5)y—6) _

x+6 0.

o o e X
3x—27 3y-—-2°

3y?—5x+2=0.

y—4

Try—10 >

Xpad=s,
Y X

x—y=7

3
x—2y

x—2y+

N R
x—2y—3

=4,

=5.

x%2—3x+2=0,
7.y x+y-3
yT=3.
G-00+3) _
8. x—5 T
x*+y=22.
pLAAE LA, ]
Y x
9. . y
6;+9;=7x.
x2—4=0,
y—2
10-9 248
=4 =3x
Y
2
y;=5y,
11. 5
24x —7x_1
y:
y_L
T 5 7
12. 1+E
x(x*+y—25)=0.



§ 3. Cucrembl, coaepkalie HPppaluOHATIbHbIE
ypaBHEHHSA

Tpu penteHHA cucmem UPPayUOHAIbHbLX YPAeHeHUl UCTIONb3YIOTCA T
JKe MEeTOIBI, UTO M IIPH PEmIeHHH HpPpalHOHaJdbHBIX ypaBHEHI/IfII H36aB-
JIEHHE OT MppallMOHa/JIbHOCTH IIOCPEACTBOM BO3BEOEHHA B KBaJIpaT WIH
3aMEHEI HEPEMEHHOf‘I. 3amMeHa HEPEMEHHOﬁ IIPUMEHAETCA KdK B I[IpeJeilax
BCEH CMCTEME], TaK U B IIpeAesiax OAHOr0 U3 YpaBHEHU cucTeMbl. Ocoboe
BHHMaHHe CJIeAyeT VAeIUTh 0TO0PY pelleHHid, CBA3aHHOMY C HEOTpHILa-
TEJIbHOCTBIO BBIPKEHHIA 110/]] 3HAKOM KODHS YETHOH CTemeHH. PaccMoT-
PHM HECKOJBKO IIPHMEPOB, HayaB C pellleHHs 3aAaHuil 5 u 6 yactu II
BBOJHOM JMarHOCTHYECKOH paboThl.

I[Ipumep 1. Pemnre cucTeMy ypaBHEHUH

VX+/y=7,
/3 = 10.

Pemenue. Ilycts x=u, ,/y=v. [lonydaem cucremy
u+v=>7,
uv = 10,

=
0,
0

{\/;=2, {x=4,

3

i~
Il

-

=
Il

2
5
2

=i e
WoW

-

VY=5, y=25,
3HauuT, =
{ JX=5, {x=25,
Vy=2. y=4.

Omsem: (4; 25), (25;4).

Ipumep 2. PemuTe cucTeMy ypaBHEHUH

Vx+y+y2x+y+2=7,
3x+2y = 23.

Pewenne. O6osHauuM (/x+y=t,t=20; /2x+y+2=2, 2=0. To-
raa x +y =t% 2x +y + 2 =2%. CregopartensHo, t* + z% = 3x + 2y + 2.
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Cucrema IMPpHUMET BH[

t+z=7, t=7—z, t=7—2z,
— —
t24+ 22 =25 (7—2)°>+22=25 22—724+12=0

~ b
]
w A

-

{

=
z=23,
t=4.
V2x+y+2=4, 2x+y+2=16,
x+y=3, x+y=09,
CriegoBaTenbBHO, =
2x+y+2=3, 2x+y+2=09,
x+y=4 x+y=16
Omeem: (5;4), (—9; 25).
X Y _5
‘+J;=§:
IMpumep 3. Pemure cucTeMy ypaBHEHHUNH Y
x+y=10.

1
u + = _? Y

Pemenmne. Ilycte u=,/ =, Torma u 2 o 2’ Cpenaem
Y u=>0 u=2.

obpaTHy0 3aMeHy:
fx _1 X
=73 =2, _=23 =8,
1 YT o 2) 4 P
x+y=10 y=8; x+y=10 y=2.
Omeem: (2; 8), (8; 2).

Valy +Vxify=12,

IIpumep 4. Pemmure crcTeMy ypaBHeHHIt
Xy =64.

Pemenue. YHPOCTPEM BHa4daJje [epBoe ypaBHEHHE CHCTEMEI C YIETOM

BTOpOr'o:
Vady+Vxify=12, _ [V2r@+$xy=12, _
xy = 64 xy =64

xy = 64.

- {‘%/642;/+6 642 =12, _, {?/;Jr x=3,

xy = 64



§ 3. CucTeMsl, cofiepallie UPPaLMOHANbHbIe YpaBHEHHA 129

O603naunM § x=a, ?/;=b, a=0, b=0. Nmeem

a+b=3, a=1,

ah® = 64, {a+b=3, b=2,
= =

azo, ab=2 a=2,

b=0 {b—l

BEPHEMCH K MPEXHHM IepeMEeHHBIM: WIH
/y=2 y=1.

Omeem: (1; 64), (64; 1).
pumep 5. Pemure cucTeMY YpaBHEHHUN

V202 = Jxty+ /x—y,

Pewenue. O6aacTh olpejieleHUA CUCTEMEL:
x+y=0,

x=yZ0, o x>y>o.
>0
X

b 16.
ITepeMHOXUM YpaBHEHHS: 1,,‘20; "4/ 5—; = (\;‘x+y)2 - (gx—y)z, WIH

8§=x+y—x+y,To ecTb y =4,
W3 BrOporo ypapHeHHA CUCTEMEI IOIydaeM

%x=x+4—2w‘x+4-\/x—4+x—4 = 2x—§x=2\,’x2—16,

X=5;

2
OTKyZa (%x) =x?-16 [ X =—5— [IOCTOPOHHUN KOPEHb.

Omsem: {5;4).

Y===bx
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3azayu

PemuTe cucTeMy ypaBHEHHIA.
2v/x=3y,

1. a) .
Y +2/x=4.

2. a)

(VE-5)(v7-3)=0,
3x+5y=60.

11.a){(x_7)“y_2=0’

y%+3x—25=0.

o { (x—4)Vx—51/y—5=0,

y=x—1.

(Vi-2) (v7-3)=0,
3x+2y=15
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(x-3)(y—11)=0,

13.a
(x+y—-10)4/y—9=0.

14. a

{{y+3){x 4)=0.

= ){\,22x+5 V2y -3,
+2x=0.
(x—1)4/y—-6=0,

16. a)
r—-2)vyx-3=0.

17'3){ (x —16)\/— 0.
3x+2

18. ){ 2=
3ﬁ+2¢— 12.

19.a

—49
2 3 i)

20. ){ lip
3vx— /y=5.
x+2/xy=0,

Al ){(x+3y){x 4y)=0.
v ){\/2x 3y=1/3x+2y,
Yy +5y+x=16.

23. 2) 3x—2y=y,
x+2y+y =4,
2+¢_ 2x—12=0,

24.a

8,

25.4 {; iy

; (x—4)(y—10)=0,
(x+y—8)y/y—7=0.
{y+7){x 4)=0.
6){\/4x 9=1/2y 1,
3x=-2.
5 {(x+4)\/ =0,
-3)
. V10—x=y+1,
) (x%2—36) =0.
2 2x+5\/_ 23,
) 14V/x+5/7=47.
{y —25
) 3/x—-5/y=-9,
5Vx—yy=7.
5 x+9/xy=0,
Vx+8y—6x*+7y=0.
& \/4x 3y= \/3x+4y,
Y +7y—x=4.
6){ 6x—5y=y,
x+5y+y =7
x? =3,/ 37 +4x+6=0,
6
=
6){ X—JXy=2,
3y—Vxy=
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PemruTe cucTeMy ypaBHEHHI.

x*—x—-2=0, 7.{\/@:6,

3/ 2% — y=0. 2x—5y=2.

B % 5=0 8o{{2y—3){x2—zx+3)=o,

Vx—2=2y=—2

—2x=
Les 3\/7 " {\/Sx—5=\/3y+7,

2= y2+x=10.
3vx+2y*=17. PR

TN, {(yz—y—Z)\fx—3=0,
T

=x+9. (2x%? — 7x+5)4/2y —3=0.

2_2x—5=0.

{a
{5
{
. { VX+2y=13, 10_{(x—3)\/x_—4m=0,
{=
1

(x—2)y/y—3=0, {(3x—5)\/y2—3x—4=0,
12.
¥y—3=46-—5x.



§ 4. Cucremsl, cogepxaliie TPUrOHOMETPUIECKUE
ypaBHEHUA

OcHOBHBIE METOABI PELIEHUs CHCTEM, COZepPKallluX TPUTOHOMeTpHYe-
CKHe ypaBHEHH:, BCE Te jKe: MeTo/| anrebpauvecKkoro CI0XKeHHUsA, 3aMeHa
nepeMeHHOH B Ipejie/iaX OHOT0 YPABHEHHWA WIH Beel CMCTEMBI, TIOACTa-
HOBKa. OT6Op penreHuii B TAKMX CUCTEMAaX CBA3aH MHO0 ¢ OrpaHUYeHHO-
CTBIO CHHYyCA M KOCHHYca, MO0 ¢ HaIWYUeM KOPHEH YeTHOH CTeIleH! WIH
anmrebpandeckux Apobeii. [IocMOTpHM Ha KOHKPETHEIX IPUMepax, KaK MpH-
MEHAI0TCA 9TH METO/IBl, Hauas ¢ pazbopa 3agaHwmii 7 1 8 yacru II BBoAHOH
JUarHoCTHIecKol paboTHL.

IIpumep 1. Pemure cucTeMy ypaBHEHUN

y+cos?x—2+cosx =0,
ysinzx—sinx—l =0.

Pemenne. BHauane paccMOTpHUM IlepBOe ypaBHEHHE CHCTEMBI:

Vy+cos?x—2+cosx =0 < /y+cos?x—2=—cosx &

2 2

+cos“x —2 = cos” X, =2,
¥ -~ ¥

cosx <0 cosx < 0.

[Tpu y =2 BrOpOE YpaBHEeHHE CUCTEMEI IIPUMET BH/ 2 sinx —sinx—1=0,
oTKyza sinx=1u x= % + 2mn, n € Z (A4 Bcex TaKUX 3HaYeHUi mepe-
MEHHOH HepaBeHCTBO cos X < 0 BRINIONMHEHO), 1160 sinx = —0,5. C yueTom
HepaBeHcTBa cos X <0 U3 ypaBHeHHA sin x=—0,5 nony4aem x=— %—FZTEJC,
keZ.

Omeem: (%—1—211:1; 2), nez; (—5%—1-2?1'!(; 2), keZ.

2sinx+3sinx+1 _

0,
Mpumep 2. PemuTte cucTeMy ypaBHEHUH vy

y+4\/§cosx=0.

Pemenue. M3 nepporo ypaBHeHMA cHcTeMBl ciefyeT, uTo y < 0. To-
IZla U3 BTOPOTO YpaBHEHHUA IMonydaeM, 4To cosx > 0. Yucaurens gpobu
B JIEBOH 9acTH IIEPBOT0O ypaBHEHHA obpalnaeTcs B HyJIb, ecd sinx = —0,5
ubo sin x = —1 (3TH 3HaYeHUA NTlepeMeHHOH He y0BIeTBOPAIT HepaBeH-
cTBY cosx > 0). C yuyeTom ycoBu# sinx =—0,5 u cosx > 0 noaydaem, 4To
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x= —% +2nn, n €Z. B aToM cayyae cosx = ? U BTOpOE ypaBHeHHe
CHCTEMBI IPUHUMAET BH ¥ +44/3- g =0, oTKyza y = —6.

Omaem: (—% +27n; —6) ,NEZ.

cosx=y+1,
Mpumep 3. Pemure cucTeMy ypaBHEHHN
sinx=+/3y?+2y.

Pemenune. CucTeMa paBHOCWIbHA CIeAYIOLLE:

cosx=y+1, cosx=y+1,
sinx = y/3y?+2y, & 4 sinx = 4/3y?+2y, &
cos® x +sin®x = (y +1)*> +3y* + 2y y’+y=0

y=u,

cosx =1, y=0,

sinx = 0, {x=2ﬂn, nez,

= e = !
e x=%+2ﬂ?k, ke Z.
sinx =

Omaem: (27tn; 0); (% + 27k; —1), nkez.
y—x=l
IMpumep 4. Pemmure cucre aBHeHHUl 45
p p My P {cos(frx)-cos(ﬂy) =g.
Pemenue. CucTeMa paBHOCWIbHA CIeAYIOLLE:
1
y=x+7z,
i _ V2
cos(mtx) - cos(my) = -5 -

1
[TogcraBum y=x-+ ) BO BTOPOE YpaBHEHHE CHCTEMEBI M DELIHM er'o:

%(cos(an—i—%) +cos %) = % = cos(an+%) = % Sl

2nx+%=%+2ﬂn, nez, x=n, nelz,
= ) ¢ = 1
2nx+7 =—7+2nk, keZ x=-7+tk, k€L
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BermoMHMM, 4TO Yy =X+ % Torpa

xX=n,

y=n+%, nez,
x=k—%,
y=k, ke

s Porer i Ve (s
Omeem: (11,11—1-4), (k 4,k), n, keZ.
I[Ipumep 5. Pemnre cUcTeMy ypaBHeHHIA

{ sinx+cosy =0,

sin® y + cos® x = 1,5.

Pemienne. CucTeMa paBHOCHIBbHA C/eyIOLEH:

sinx+cosy =0, sinx+cosy =0,
2 o2 = 2 2 =
l-cos"y+1—-sin"x=1,5 sin“x+cos"y =0,5
. sinx=l,
cosy = —sinx, 2 1
1 {cosy=—§,
=) sinx=§, = 1 =
1 sinx = —3,
sinx = —3 1
cosy =73
x=(—1)"%+fm, nez,
y==+Z yonk, kez,
=

x= (—1)”‘“% +mm, m € Z,
y=+5+2nl, L

Omeem: ((—1)”% + mtn; :I:%r + 2ﬂ'k), nkeiz;
((—l)m“%—i-ﬂm; :I:% +2ﬂ1), m,le’.

Mpumep 6. Peumre cucTeMy ypaBHEHMI

H 3 1
sSinx-smy =
COSX-COSyY =

e
=
T
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PemieHue. 3aMeHHMM IEPBOE YpaBHEHHE CYMMOI, a BTOPOE — PasHo-
CTBIO0 YPaBHEHMI CUCTEMEL:

=

—

cosxcosy+sinxsiny =1, cos(x—y) =1,
=
cosxcosy—sinxsiny =

1
3 cos(x+y) = 3
{x = %—i—ﬂ?(k-l—n),

y= %-I—‘J‘E{k—n), k.neZ,

x—y=2n1n, n €Z,

s x+y=F+2nk, k€Z, o
e
xty=-2+2nl, l€Z ri=sg rnrn,
y= _§+na—n), lL,nez.
Omsem: (£ +lk+m; £ +nk—m);
meem: 3 T n); 5 T n %

(—%+ m(l+n); —%+'R’(I —ﬂ)), k,n,lE€Z.

IMpumep 7. Pemure crcTeMy ypaBHEeHMIH
T
X—Yy=3
cos® x +sin®y = 2.
Pemenue. Tak Kak cos’x<1u sinzy <1, monygyaem
cos’x =1, x=rmnn, n€%,
cos’x+sin’y =2 < i & = T
siny =1 y=§+ﬂ'k,k€Z.
BcmomHMM, 4TO X — Yy = % Torga

'ﬂ?n—%—'ﬂ?k=% S am-kD=rn<on—-k=1<n=k+1; n kel

Omeem: (ﬂ.’(k +1); % + Ttk), keZ.
Ipumep 8. Penmite cucTeMy ypaBHeHUH
x—2siny = y—2sinx,
{x2 +y*’=1
Pemnenue. CucreMa paBHOCWIBHA CAeAYIOLIEH:
x+2sinx =y+2siny,
{x2 +y*’=1
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3 Broporo ypaBHeHHA clieayeT, uTo |x| <1 u |y| < 1. PaccMorpum $yHK-
uuto g(t) =t+ 2sint. Ha npomeskyrke [—1; 1] ¢yHKIUMA Bo3pacTaeT Kak
cyMMa ABYX BoapacTawmoliux GyHKuuM. 3Hauut, gx) =g(y) < x=y.
Cucrema NPpUHUMAET BUJ

x=—=

{ ?’

{x=y, Y=
X2+y2=1 {x:—%,
=_L
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3azayu

PemruTe cucTeMy ypaBHEHHI.

12 2cos’x —9cosx+4=0, 6) 2sin® x —5sinx+2=0,
’ 8cosx+5y=09. 4sinx+3y=—1.

-y 2cos’y+1lcosy+5=0, 6) 2sin® x + 7sinx +3=0,
' 5cosx—2cosy +4=0. 7cosy + 6sinx —4=0.
4tgx+5 ——9 S5tgx—4y=-17,

3. ) 8 Y 6) 8 Y=
4tgx—y=— Stgx+y=-—2.
4.5 3tgx+4cosy=5, 6 7tgx+6siny =4,
4 3tgx+8cosy=7. 7tgx—2siny=8.
(2x—7m)(y+3m) =0, (2x —5m)(y+7m) =0,
5. a) 6)
\/sm3x+\/cos7y— \/sm3x+\/cos8y—
sin®x+ 7cosy =8, cos® x +5siny =6,
6. a) 6)
2sinx+7cosy=5. 3cosx+7siny=4.
x=9siny, x=19siny,
7. a) 6)
9x sin —smy+10 19x sin —smy+20.
cos(3x—2y)=—1, cos(4x+5y)=-1,
8.a) 6)
sin(3x+2y)=0. sin(4x —5y)=0.
7 cos® x+9sin? y =9, 6cos® x — 5sin® y = -5,
9. a) 0)
7sin®x —9cos’ y=7. 6sin® x + 5cos® y =6.

{{16x—13¢r)(8y—151‘r)—0, {{20y+7n){8x—7n)=0,
10. a)

\tg2x+4/ctgby=1.

tgdx++/tg2y =

—5x+6=0, 2 _x—20=0,
11. a) x2—5x+ 6){3( x

2siny =x. 4cosy=x.

S
5cos mx+sin —y=—4.

3cos¢rx+sm—y=2. >

2

4x? —9y,
2 3 o 2e43
X y ]_I'lxsy

13. a)
=1.

{{x 4)(y+5)=0, ; {(x—3){y+11)=0,
)
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14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

25x* =16y?

6) =

S],DSx 4y+sm5x+4y_1
9 7
x*=4siny+1, x?>=—8cosy+81,

a) . 6)
x=2siny —1. x=4cosy—9.
1llcosx=5y—4, 9sinx=4y +1,

a) 5 6)
cos“x=5y+8. sinx=4y — 7.
3sin’x=y+1 7coslx=2y+1,

a) 5 6)
3cosx=y—2 7sin® x=2y — 6.
2y+3x=7m, 4x—7y=11m,

a){ 7 2y A 6) ¥
xsin —— xcos(4x —7y)=—m.

) 3cosx+2siny=-—1, 6) 5cosx—cosy=—4,

a 2cosx+5siny=3 2cosx—3cosy=1.

) 2sinx+3siny =35, 6) 3cosx—5cosy=8,

2 3sinx—2siny=1. 5cosx—7cosy=12.

4 3x—2cosy=1, 6) 3x+4siny=5,
3x+4cosy=7. 3x+2siny=7.
sinx=y—2, sinx = 5,

2) Y 6) -
cosx=y—1 cosx=—y+4.
xsin2y =3, xcos7y=3,

a) . 6)
x+sin2y=4 x+cos7y=4.

3y=5v3 xcosby=1,

L Db 6) d
xsin3y=-5 xsin5y=1.
xtgy=3, ctgx=—1

a){ gy 6){31 g
Xctgy = ytgx=—4.
tgx=y—4, tgx=y+3,

a) 6)
ctgx=2y—7 ctgx=2y+7.
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PemruTe cucTeMy ypaBHEHHI.

2sin® x — 7sinx+3= 0,
6sinx+5y=13.

2tgx+5y=12,
2tgx+3y=8.

sinx+11lcosy=10.
x=13siny,
13x siny

x“=4siny+1,
x=2siny—1.

2cos?x — v2cosx= 0,

4
{oa
>
) {sm x+1lcosy=12,
s
1=
&

y=siny+14.

Y

sinx=y—5,

cosx=y —6.

2cos2x+1

=0,

W/ 18 2x

(> —1)V2+/3sinx=0.

10 {
.
o

xsinS5y =4,
xcosSy=—4.

(2cos® x+ \/zcosx) tgy=0,
tgx-(y? —2y)=0.

(2sin? y —siny)tgx=0,
(2x*— mx) ctgy =0.



§ 5. Cucremsl, coaep:xanye NoKa3aTejabHble YPABHEHUA

OcHOBHEIE MeTOABl peNIeHHA CHCTEM, COLEpHAINHX IOKa3aTeNbHBIE
YPaBHEHHA, HHYEM IIPDHHITHITHAABHO HE OTIHYa0TCA OT METOA0B PEMIEHHA
APYI'HMX CHCTEM: 3TO METOX aﬂreﬁpanqecxoro CIIOJKEHHA, 3aMEHa Iepe-
MEHHOH B Impefeiax OOJHOI'O YpPaBHEHHWA HIH BCeilt CHCTEMEI, ITIOACTaHOBKA.
EMIHCTBEI—H—I&H 0c0BEeHHOCTh — ITOJIOXKHTEIbHOCTD BBIDaKEeHHA (If(x), KO-
TOPYIO TI0JIE3HO YYMTHIBAaTh, BBOAA COOTBETCTBYIOLIEE OrPaHHYEHHE ITIPH
3aMeHe. [lepeiiieM K pellleHHIO TPUMEPOB.

I[Ipumep 1. Pemnre cucTeMy ypaBHEeHUH
2%.3Y = 24,
Xy =2

Pemenne. CHcTeMa paBHOCHIBHA CleAyIOMIEH:

{x=2+y, {x=2—|—y, {6”:6, {y=1,
= = — 5

22ty . 3Y = 24 4.27.3Y =24 x=2+y a=
Omseem: (3; 1).
IIpumep 2. Penmite cHUCcTeMy ypaBHeHUH

2542V =12,

x+y=>5.

Pemienne. CHcTeMa paBHOCWIBHA ClIeyIOLEH:

y=5-—x,
24237 =12,
PemuM BTOpOe ypaBHeHHe
2 +2 =12 & 2%-12.2+32=0.

[lycrs 2¥ =a, a> 0. Torzga

2 E=
a‘—12a+32=0

2¥ =4, x=2,
=
2=8 x=3.
Fomx=2, 10 y=5—2=3;ecmix=3,To y=5—3=2.
Omsem: (2;3); (3; 2).

3

O6paTHas 3aMeHa
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I[Ipumep 3. Pemure cucTeMy ypaBHeHUH

=77,
3F-2:=7.

Pewenue. [lycts 3*=a, 25 = b,a>0,b>0.

Torpa

a-b% =77, - (a—b)(a+b) =77, - a+b =11, - a=29,
a-b=7 a—b=7 a—b=7 b=2
Ob6parHas zaMeHa:

3= 9: X = 2,
" =
27 =2 y =2
IMpumep 4. Pemmire cucTeMy ypaBHeHUIH

22—y =x-4—y-2
3*.9¥ =81.

Omeem: (2; 2).

Pemenue. B MepPBOM YpaBHEHHH IIEPEHECEM BCE (JlaraeMBbIe B JEBYIO
YacTk YpPaBHEHHA H PA3JOXHMM Ha MHOXHTEIH IMOJIYUYCHHOE BRIPDaKEHHE!

{(x+y)-2"—(x+y)-4"=0, {(x+y)-(2"—4y)=0,
=

3X+2_}"=34 =
x+y=0, x = —4,
x+2y =4, y=4,
=
=g, =2,
x+2y =4 y=1L

B zawiioueHHe paccMOTpHUM penieHne 3agaHuil 9 u 10 gyactu Il BBOA-
HOM AMAarHOCTHYIECKO# paboTHI.

3*.3% =81

Omeem: (—4;4); (2: 1).

I[Ipumep 5. Pemure cucTeMy ypaBHEHUH

B -~ 40938 _
v/ 1—2siny ’
Vx+3+cos2y+1=0.
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Pewmenune. [lockoneky vx+3=0u cos2y + 1= 0, BTopoe ypaBHeHHe

x+3=0
CHUCTEMBI BBITIOJIHAETCA TONBKO B CIy4ae, ecin ’ OTKY/Aa
cos2y+1=0,
TT T
x=-3,y= if +2nn, n€Z. llpu y = 3t 2mn, n € Z, IoAKOpeHHoe
BHIDAXKEHHE B JIEBOM YaCTH MEPBOT'0 YPABHEHUA CTAHOBUTCA OTPHIIATENb-
TT
HEIM, U 3TO 3Ha4YeHHe cIeyeT OTOpoCHTh. 3HAYeHHUA y = — 3 +2nn,ne€z,

YZOBIETBOPSIOT NEPBOMY YPaBHEHUIO CHCTEMEL.
Omeem: (—3; = % + 271'11) ,NEZ.

Mpumep 6. Peiunre cucTeMy ypaBHEHHA

{3‘3I3J'+2=3—f8?,

Vx—2+6cosy =0.

Pemmenne. BTopoe YPaBHEHHE CHCTEMBI MOMKET 6]31'1'.5 BBITIIOJTHEHO,
TONBKO ecy cos Y < 0. YMHOXUM 00e 9acTH IepBOoro ypaBHeHUA CHCTEME]
Ha 3" u npusexeM ero k k Buay 3(3%)% +2.3%Y — 1 =0. Pemas
MOJIyYeHHOE YpaBHEHHE KaK KBaJpaTHOe OTHOCHUTeNbHO 3%Y, Haxogum

3%Y = —1 (4ro HEeBO3MOXKHO) Jnbo 3% = %, otkyza tgy = —1. C yue-
3

4

V2 —
cosy = 5 H BTOPOE YpaBHCHHME CHUCTEMEI IIPHHHUMAET BHI v X — < —

—3v/2=0, orkyza x =20.
Omeem: (20, 7 +2ﬂn), nez.

TOM YCJI0BUA cosy < 0, nosydaem, 4To y = +2nn, n€ Z. Illpu arom
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3azayu

PemruTe cucTeMy ypaBHEHHI.

{3-8*+7J’=31, 6){5 5*—6Y=19,
2-8—7"=9 2-5*+6"=16.
5 4 {5x+2 3¥ =33, 6 {7x 2.-2Y=19,
7x—2-3Y=3 9x+2-2Y =61.
137 4—65 X137 7= 1,
i8) {x 7Y 3=245, 2 {x A
i a‘){Sx+643"—79 6){7x+16Jr
3x+8" =23 Tx+4 =~
x+57 =130, 3x+6-"—33
5.a){x 2457 =150. 6){ x*+6=37.
& & {3* 2 =72, & {5x 2¥ =200,
2 =17. 2¥ =33.
+5Y =34, +5Y =174,
7’al){3“1+53‘ b=g2. 6){7x l+571=32.
5x28y 1_1 4x23y 4_1
8 al){5J‘+8J'“ 6){4x+1+3)' 3=67.
3x+4 2)!4—5 108 4x+4 3y+3 144
9. 2) {2y+6 el = 6) {3y+5 4281
2%.5Y =40, 2. 77 =112,
10'a'){zx-7f=5e.. 6){? 9 =144,
1. ){3i=y’ 6}{5:_},,
9 =2y +3. 25 =4y +5.
(x+7)(y—5)=0, (x+9)(y—8)=0,
-a) {7y 5 _gx+7. 6) {9y 8 _ gx+9,
Yo =9, y-7*=2,
13.8){%}/‘63)‘_1—6 6){2y 75%-2 _
7542 =9, 45 -3V =—
14. a){7x+1 oy t4_17 6){4x+1 3y+l—_11.
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

32x+y3 = 9x+2}r
x—y+5

y—4

=0.

-9 (y-5)=0,
2x+y—8 _ 640,5

5x+2 —1 = D'

x-3¥7 =12,

¥ =4.5"+2x+3,
y?=3.54+2x48.

(x—1)-3*=5y,
(x—1)-5°=3y.

62x‘+y2 = 36x+2_}f,
6) x+y—6

= =0.

(x*-49)(y +4) =0,
1605

2x+ ¥+13

=0.
x-273W¥ =2
Vx:2Y=8.
y2=5.2"-7x+1,
2=0.0% Ty T

=
|
{ 2y°
-
#
;

6)

=)

)

6)
x%+4y?=20.

8¥.7%.9*=56"" 93‘"
x*+6y’=7.
7%.2Y =28,

7Y =98.

2x+2 5}"+1

=)

)

=)

)

0x+y’
6)
2}’ &

: Y=14,
x*—13x—14=0.

6 (x+17)-7° =4y,
(x+17)-4°=7y.
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PemruTe cucTeMy ypaBHEHHI.

25— 47 =0.

: 3=y, 2¥—3¥ =1,
19" =2y+3 "l oxtz_grtioy,
9 2%.7¥ =28, (4x_26)(4x _ 165) g
"l 247 =11. 8. 2y—-9@8x-5
5 =16 — 2x.
11¥4-8¥ =75,
1311 +8"=97. 7xt3.39"2=97,
Tl 2 gril=go,
=127,
. i - A
x2—11x—12=0. 6 y5'=2,
$ 2x+1
2y-5% 1 =25,
2 x
=4.5+2x+3,
5. {yz 4 + it - (y2+3y_4)(3x+1_27)=0,
y2=3.5%+2x+8. 2% 4v =0,

(x+16) -7 =9y, - (2x-1)(y*+y-6)=0,
(x+16)-9*=7y. )



§ 6. Cucrembl, cogep:kalue JorapupMuIecKue
ypaBHEHHSA

[Ipu penreHHH cHUCTeM, cofepiallux Jorapudmudeckie ypaBHEHHS,
J4acTO yIaeTcsd, H30aBUBIIHCEL OT norapnd}ma, 3aMEHHTE OJHO HIH oba
VpaBHEHMA CHCTEMEBI pallHOHAIbHBIMU YpaBHeHMAMM. [Tocite aTOoro HyX-
HO BBIPA3UTh OAHY MEPEMEHHYIO Yepe3 APYryI0 M IOCiIe MOACTAHOBKH
MOJIYYMTh YpaBHEHHE C OZHOI mepeMeHHOM. KpoMe Toro, J0BOJIBHO pac-
MPOCTpaHeHH 3a/ja4M Ha 3aMeHy IepeMeHHOH B IpeAeiaX OJHOTO WIM
060MX YpaBHEHMIA CHCTEMEI H CHCTEMEI, Tpebyiouire oTbopa peleH .

IMpumep 1. PemuTe cucTeMy ypaBHeHUH

lgx—lgy =1,
g7 x+1g%y =5.
lgx=a,
Pewenue. ITyctb Torga
lgy=b.
a=2,
a—b=1, b=1,
=
a’*+b*=5 a=-1,
b=—2
Ob6parHad 3amMeHa
lgx=2, x = 100,
lgy=1, y =10,

==
lgx=-1, x=0,1,
lgy=-2 y = 0,01
Omeem: (100; 10); (0,1; 0,01).
IIpumep 2. Penmite cUcTeMy ypaBHeHUH

y—logsx=1,
=R

Pemenne. CucTeMa paBHOCWIBHA CJIEAYIONIEH:

{y = 1+log; x,

x1+log3x - 312.
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Pelum BTOpOE ypaBHEHHE:
xMlossx = 312 o Jog, (x"M1°8%) = log, 3'* < (1+log;x)log,x = 12.

t=—4,

Iycts log; x=t. Torga t>+t—12=0 < |:t_3

Orcrona
[1083x=3 ST

Iockonbky y =1+ log, x, moryuaeMm y; =—3, y, =4.
Omaem: (é, —3) ; (27; 4).
I[Ipumep 3. Pemure cucTeMy ypaBHEHUH
{ log,(x*+y?*) =5,
2log, x+log, y = 4.

- -1
log; x=—4, i I:x— T

x>0,
Pemenue. 3 BTOpOro ypaBHeHUA CUCTEMEI CeAyeT, YTo { 6
y=>0.

/3 nepBoro ypaBHEHUA CHCTEMEI TIOJIYYaEM
log,(x*+y*) =5 & x*+y*=32.
/3 BTOpOTO YpaBHEHHA
2log,x+log,y =4 < log,x+log,y =4 = log,xy =4 = xy = 16.
x?+y?=32, o —2m=, (x—y)*=0,
Torpa =
{xy=16 {x2+y2+2xy=64 {{x+y)2=64.
x=y, x=4,
[Tockoneky x>0, y >0, TO {x+y=8 = {y=4.
Omaem: (4; 4).

B zakiioueHHe paccMOTPUM pellleHHe ABYX MOCHeJHHX 3ajaHuM 4a-
crH Il BBOAHOH AMArHOCTHYECKOH paboTEL.

I[Ipumep 4. Pemure cucreMy ypaBHeHHIA
8logy(xy) = log, xB,
S5x+2y+22=0.

Pemierue. Uz nepeoro ypaBHEHHUA CHCTEMHEl CIEAYeET, 4To Xy >0, T. €.
YHCIa X Uy OAHOro 3Haka. Eciu oHu 06a NoNToKUTeNbHEL, TO JIeBas YacTh
BTOPOTO ypaBHeH A GoJIblle HYJIA M CUCTeMa He MMeeT pellleHHH. 3Ha4MT,
x <0 u y<0. PaccMoTpuUM IlepBoe ypaBHEHHE CUCTEeMBI:

8logy(xy) = 8logy [x| < logy(xy) =logy |x| & xy = |x|.
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[Tockoneky x < 0, nomy4yaeMm xy = —x, H, ciaegoBaTenbHo, y = —1. Toraa
M3 BTOPOTI'O ypaBHEHHMA HaxoAuM 5x — 2+ 22=0, oTkyaa x=—4.

Omeem: (—4; —1).
Mpumep 5. Pemure cucTeMy ypaBHEHHH

2 logg(sin x}+3log,(sinx)+1

log, (—cos x) >

Vy—-7= vV2cosx+1.

Pewenue. V3 nepBoro ypapHeHUs CUCTEMEl CJIEAVeT, 4yTo cosx < 0
M cos x # — 1. UucauTens Apobu B JIEBOH YacTH IEPBOro ypaBHEHUA paBeH
HYJII0, €CiH 210g§(sinx) + 3log,(sinx) + 1 = 0. PaccMOTpeB HOTy4eH-
HOe ypaBHEHMe KaK KBajJpaTHoe OTHocHTelbHO log,(sinx), HaXommum,
uro log, (sinx) = —1 mibo log,(sinx) = —0,5. [ToaTomy sinx = 0,5 1ubo

: 1 :
sinx = —=. C y4yeToM yca0BHA cosx < 0 nonydaem, 4To ey sinx = 0,5,

V2

3
TO COSX = —T mn TOorza rnpapad 4acTh BTOPOI'O YpaBHEHHMA CUCTEMEI OT-
pHilaTeJIbHa, 9TO IIPOTHBOPEYHT HEOTPHUIATENTbHOCTH apH(l)METH'-IECKOI‘D

. 1 1
KBaJ[paTHOro KOpPHA), a eCJIM sinx = E’ TO COSX = _ﬁ' B nocaegnem
3n
ciayqae x=T+2fﬂcn, ne€Z, u Torga U3 BTOPOro YpaBHEHMA CUCTEMEI

HaxoguM /y—7=—1+1, otkyna y=7.

Omeem: (% +27n; 7), nez.
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3azayu

PemruTe cucTeMy ypaBHeHHH

4x —log, y =—12, 6 7x +log, y=-26,
4x +log, y =—4. 7x —log, y =—30.

- logy+2(x+3) 1, " logy x+4)=1,
x2—-3y=7. x2—2y=-7.

3. a) log; x+log, y+y=2, 6) logg x+log, y +3y =11,

.a
log; x+log, y —2y =—7. logg x+log, y+y=3.
lo 2, lo 4,

4| 1089= 6 g2 (xy) =
x+y+50=0. x+y+17=0.

5. 2) og3x log, y=3, 6 logsx+logzy—
log,x—log, y=1. 310g5x+10g2y—
7log. x—3y =4, 4log. x+3y=-7,

6. 4] &8s ¥ 6) &6 F=
2logs x—5y=-3. S5loggx —9y=4.
log(—5xy) —log, x=1, log,(—81xy) —log; x =4,

7. a) 6)
x’y=-26 x’y=-25

log . 5=—4, log,3=7.,5,

8. a) y log, 6 ylog,
y+log, 5=7,5. y+log,3=6,5.
41 log, x*, 41 =1

9. a) 0g; xy =log; x 6) 0g,(xy) =log, x*,
2x+3y=-20 5x+2y=12.
2log, x=y—4, Slog,x=y+1,

10. a) &3 ¥ 6) 82 Yy
3log, 3=y —3. 2log 2=y +2.
(logs x —2)(log1 y —1) =0,

11. a) 7
logi (x—2) +log;(y —1)=—-1.

& (log, x—2)(logy y —3) =0,
log% (x+5) +log,(y —3)=-2.

12. 2) logy x +log, y =log, 4+ log, 8,
logo(x+y) =log, 12.

6 log, x +log, y =log, 2+ log 3,
logg (x+ y) =logg 5.
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13.a

14. a

15.

16.

17. a

18.

19.

20.

21.

22.a

x?+2log, y =6, 6 x?+3log, y =22,
3x+2log, y=8. 5x+3log, y=26.
log3 (Bxy) —log,y(—3x)=2,
—10=0.
6 log3{5xy) log; (—5x)=2,
x?+5y+41=0.

4 (x—-2)(y—3)=0,

log?(x+y 3) +log; (1 —xy + y)=log, x,
6 -7y —-4=0,
log4(x+ ¥y —4) +log,(—3 —xy +6y) =log, x.

2) 5loge x —log, y =4, 5 S5log, x—2log; y=3,
7loge x —2log, y =5. 2log, x—3logs y=—1.
(2x —3y)log;(3x+2y —7)=0,

dx—y
3x+2y—8 =2.
(5x—7y) logg(6x —y —3)=0,
25x—2y
6x—y—4 =3.
-_3

a) log, 5+log, 7— 6) log, 2+log, 3= 7
logsx+log7y 3 log, x +log, y=3.
log, (y —3)= . log, (y +3)=1,

a) log, (x—9)= 1 log, (8 —x)=1.

0 (y —4) log; x=9, 6 (¥ +3) log, x=36,
(y—4)log, 3=1. (y+3)log, 2=1.

) logy, 5, (4x—y)=
log,(2x —3y)- logz{3x +2y)=0.

6 10g4y 17, (9% +2y) =
logs(4x+7y)- logg{6x 5y)=0.
(x=5)(y—4(x—9)=0, (x+6)(y —6)(x—8)=0,
log, ,5-logs(y—3)=2. log, 5 15-log,(y —5)=2.
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*—xy+12=0, x2—xy+24=0,
23. a) G-O=-7_. 6) -G -10)
log, ,(y—5) ~ log, _,(y—2) ~

2x+y =

log, (x—7)-log,(y —3) =0,
24. a)
x-8)(y—-2)~

G- 12 >

log; (2x+3y)¢=6, log, (4x — 7y) =4,

A—3y+15_ 6) | 4x+7y-28
2x+3y-5 "~ 4x—-7y—4

25. a)

log,(x—1)-log;(y —14) =0,
6) 3x+2y
( 3.



TpenupoBoyHas pabora 15
Penmite cHUCcTeMy ypaBHEHHI.

7x+log; y =37, { logg x+logg y =logg 5+logg 7,

7x —logy y =33. logg(x+y)=logg 12.

{ 2y—9) logy_3(x —5)=0,
"\ x4+ Dlog, ,(y—4) —1)=0.

b

x(x—1(x—2)(x—3)=0,

{
{
2 e * yiog, (x-3) =2
{
{
{

X x® —4x?+3x=0,
" | log, 3x=2.

) x=7(y—8)=0,
£=ix—8=0, 11.{ log,(x+y—8)+
+logg(1—xy+6y)=log, x.

.

x®—4x®+3x=0, 18 3logs x—2log, y=1,
" | 2logs x—3log, y=—1.



AunarHoctuyeckas pabora 1

Yacts I. YpaBHeHHs
Pemute ypasHenue (1—3).
1. (2x2 —x—30)%2=x*.
2. |x—2|+|x?—4x+3|=|x2—3x+1]|.
3.1+9(x+ 1) 2=6(x+1)"L
4. Haniaure kopHM ypaBHeHud f(g(x)) + g(f(x))=0, ecm f(x) =
=X ) =—()"!
+4 ‘
Pemnite ypaBHeHue (5—6).
5. v/2x+19— V/15—-2x=2,
S5x2+21x—8—-3x—-1
Sx+1-—

=0.

7. a) Pemnre ypaBHeHHe 3 cos 2x + 5 sin ( 3775 — x) —1=0.

6) HaliguTe BCce KOPHH 3TOr0 ypaBHEHHA, IPUHAIekKallke IPOMEKYT-
Ky [—5m; —3,5mr].
Pemrure ypaBHeHHe (8—9).

1
sin 5x —cos5x”

9. 2% 1 4 4/42=(0,5)* + _+26

8. sin5x=

10. a) Pemure ypaBHenue 9°"* =32°°SX.
6) Haiiure Bce KOPHHU 3TOTO YPAaBHEHUSA, IPUHAIEKAIIHE TPOMEIKYT-

o [ 2e]

11. a) Pemure ypasrerue log, (2 cos? x +3 cosx — 1) =0.
6) Haiiznre Bce KOPHH 3TOTO YpaBHEHHA, IPUHAZJIEKAIIHE TIPOMEKYT-

o [ ]

12. Penmre ypaBHEeHHE 910g§(3x —4) —8log,(3x—4) +15=0.

Yacrts II. CucTreMsl ypaBHeHUH
Pemure cucreMy ypaBHeHHMHA.
2x+3y=7, x—-2)(y+3)=0,
. {2x2+y=9. {(x2—4)(y+4)=3x.
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(2x—7m)(y+3m)=0,

12.
V/sin3x+4/cos7y=1.

1032)( 3y{4x y) 1
log,(2x—3y)-log,(3x+2y)=0.

@+5)-6) _ 5 {X=135iny,
y—5 T . . ;
3. G-90+6) _ v 13xsiny =siny +14.
. 20+ +2
Y = gx+2y
X Y 3 =
4, 3x+2 3y+2’ X y+5 =
3y%+5x+2=0. '
2/x=3y, 5. J 2 3f
5.
y+2/x=4. Vx-3Y =6,
6. (Vx-5(/y-3)=0, n. | O~ Plogsx=9,
3x+5y=60 (y—4)log, 3=1.
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Yacts 1. YpaBHeHus
Pemute ypasHeHue (1—6).
1. 9x* = (x® — 4x)2.
2. 4|x+2|+|x—3|=4x+13.

3 x?—4x5—3x2—2x+8_1
T xT—4xS—2x2—-3x+2"

() 0 -n(3) =

4
5. vV3x—5++vx—2=+2x+3.
6

6x*+7x+5 . [5x°+7x+6
5x24+7x+6 6x2+7x+5"

.24+3-

3n _
2
6) Haiigure Bce KOPHH 3TOT'O ypaBHEHWA, MPHHAAIekKalllHe TPOMEKYT-

3m 5w
o [5:%]
Pemrure ypaBHeHHe (8—9).
8. cos? 2x + cos? 3x + cos? 10x + cos? 11x = 2.
9.16% +2% 34+ 5.2%"2=3g,

10. a) PemuTe ypaBHeHHE (L

7. a) Pemmre ypaBHeHHe sin( Zx) =sinx.

81
6) Haiiure Bce KOPHU 3TOr0 ypaBHeHHA, PUHAIekKall|e IPOMEKYT-
Ky [—3m; —2mr].

11. a) Pemure ypaBHeHue log,(cosx +sin2x +8) =3.
6) Haiizire Bce KOPHU 3TOTO YPAaBHEHUA, IPUHAIEKATIHE TIPOMEKYT-

Ky [3%;371'].

12. Pemure ypasrenue log, log; log,, . 1, ((2x+11)° +x* 4 x —20)=0.

)c"” _ g2sin2x

Yacts II. CucTeMsl ypaBHEeHUH
Pemute cucTeMy ypaBHEHHI.

2 s
- x“+ y*=36, x ___ Y
xy =6. 3. { Sx—4y Sy—4x’

|2y% 4 3x%+4|=2y*+3x*+x, xy=-16.
2
" xy=8.
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x—1=x—2 32x+y3=9x+2y,

y2—1 P 91 x—y+5

Yy =3—2x. y_4 =0.
2x =3y, o
X y 10 (x_B)_7}f+3=(y_2)_7x.2,
Voxy=x+9 " | x+y=5.
x* 4+ /Xy —2x—12=0,

y:%, x2—xy+12=0,
(16x—13m)@8y —15m=0, 1| 0=00-7D_,
log,. ,(y—5) :

x*—5x+6=0, 12 { ¥ -D&x-9=0,
" | log,_,5-logs(y —3)=2.
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Yacts I. YpaBHeHHs
Pemute ypasHeHue (1—6).
1. (*+2x—4)*+5x>+10x=16.
2. 2|x+7|— x|+ |x—7|=21.

2 _ . 72
3. x°—2x=27 Z—ox
4 x42 1 2
" x2—5x46  x2—7x+12 x2—6x+8"

5. V3x2—-8x—-5=+6x—5.

6. Vx2+8x+15+ vx2—x—20=/2x2+7x —5.
7. a) Pemmre ypaBHeHHe 3cos2x — 7cosx —2=0.

6) HaiiguTe Bce KOPHH 3TOr'0 ypaBHEHHA, IPUHAJIeXKallIe IPOMEKYT-
Ky [—m; 2m].

Pemnre ypaBHeHue (8—9).

8. sin4x + sin 7x =cos4x + cos 7x.

9.1252-5.12%*=7.

10. a) Pemure ypasHeHHue (64°°°*)51* = gv3cosx,

6) Haiiziite Bce KOPHHU 3TOTO YPAaBHEHUSA, IPUHAIEKAIIHE TPOMEIKYT-

o [ 52].

11. a) Pemure ypaprenue log, (sinx +sin2x+16) =2.

6) Haiiaure Bce KOPHHU 3TOTO YPABHEHUS, IPUHAZIEKAIIHE TIPOMEKYT-
Sm

wy [ ~4m - ].
12. Pemnre ypapuenue lg(x(x—1)) —(lgx) - lg(x—1)=1.

Yacrs II. CucTeMbl ypaBHEHHH
Pemmre cucreMy ypaBHeHHMHA.
1,{""’_23":5’ (x—6)(y+7) =0,
y{x—Zy—S)—ZD. 3. y+4

x—y—10=_3’
. {(x—By)(x—y)=0,

¥ +3y+1=x.
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159

~

N
9. 2

x*—11x—12=0.

(x+16) -7 =9y,
(x+16)-9¥=7y.

log,(x—7)-log,(y —3) =0,
2ty

-8y -2_

logs(2x +3y)° =6,

2-3y+15

2x+3y—5 :
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Yactse 1. YpaBHeHHH

Pemute ypasHeHue (1—6).
1. (?+4x+3)%2 + (x2—x—2)2=17(x+ 1)2
2. X2 —4x+1|+|x*—3x+1|=17(x—4).

2x—=1_. 2
3. x+2 =1 3x°

x2 Sx
4. T - g +4=0.
s (x2—9x+18)\/x3—7x+10_0
) 3x24x—14 -
6. ¥x— Vx—9=3.

7. a) Penmire ypapHeHHe 2sin 2x +sinx=4cosx + 1.
6) HaiiguTe Bce KOPHH 3TOTO YPaBHEHHA, IPUHAZ XK alIHe IIPOMEKYT-

m,3n
Ky [E} 2 ]‘
Pemrute ypaBHeHHe (8—9).

cos3x—sin7x _
" sin3x—cos7x V3.

9.16V**%—-5.4Y**2 4. 4=0.

10. a) Pemure ypaBHeHHe 6°% = (0,5)  SIn* . 300X,
6) Haiigure Bce KOPHH 3TOT'O YpaBHEHHA, MPHHAA/IekKAIIHe TPOMEKYT-

Vi3
Ky [— 55 —27:] ;
Pemure ypapHenue (11—12).
11. log,(2x + 3) +log,(3x — 2) =log,(12x — 7).

2In2—In5+In(3x+2) -1
Inx +In(x+3) =

12.

Yacts II. CucTeMsl ypaBHeHUH
PemuTe cucTEMy ypaBHEHHI.

1 3x?—2x=y, 5 |x—2y|=5,
| 3x—2=y. "1 y(x—2y-5)=20.
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%+%=2’ 3cos2x+5cosx=—-2,
8. rae
§+%=2' yzsmx+ysinx+%=0.

S
I
v

0,25" + 0,5 — 6=0,
3 +5x=—2.
Y —3y+5, {49‘3"—1—7‘3"*1—98:0,
10

5 {x+y+\/_ v —2cosx+2y=7V2.

4

e
+

X—y—im= xlog,  ;(x+3)=0,

1.
2\/_+2\/__ 4(2*-% =3,

5Vx— J/¥y=27.

xy =32,
sin2x — sinx 12. 2log . v —41 —3=0
—_—), 82 Y 0g}r‘x .
Vy+1
y=4cosx—3.



AunarHocTuyeckas pabora 5

Yacts I. YpaBHeHHs
Penmite ypasHeHue (1—6).
1. (x®*+4x—5)2+ (x®+3x —4)?* = (x*+2x —3)* + (x* +x — 2)%
2. |x—3|+|x*—2x—8|=|x*—x—11|.
x*—6x3+9x2—36 e
2x—3++/33

x2—x+5 3x
" x—3x+5 " x*-2x+5

3.

1.

V5x*—24x+12 v 2x +x+4
x—8 - x—8
6. V4x2+9x+6+ 1/ 10x2+ 11x+7=1/3x2 +5x+3+ / 9x2+ 7x + 4.

7. a) Pemmute ypaBHerue 4 sin® x — 12sinx +5=0.
6) HaiiguTe Bce KOPHH 3TOTO YpaBHEHM, IPUHAZ XK allHe IPOMeXyT-
Ky [—m; 2m].

Pemrute ypaBHeHHe (8—9).

4sin® x — 5sinx cos x —9cos®x
" 4cos?x —5sinx cosx —9sin’ x ’

9. (0,4)>1.(2,5)*%=0,16.

10. a) Pemure ypaBHeHHe 14°"% = (0,5)°%% . 750%,
6) HaiizuTe Bce KOPHU 3TOTO YPaBHEHUS, TIPUHAIEKAIHAE TIPOMEIKYT-

._sm
Ky [—4n, -3 ]
Pemute ypasHenue (11—12).

11. log, (x? + 5x — 53) =2log,y(4x + 3).

12. 2log, % +1log, (x+1,2)2=2.

Yacts II. CHcTeMbl ypaBHEHHH
PemuTte cucTeMy ypaBHEHHIA.
2x+3y=7, lx+3y|=2y+3,
'{2x2+y=9. '{I2y+3|=5-
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%+2y—5=7, Jeosy v —8—6x—x=0
3.
%+§= v —sinx- —2=0.
-5t~ 0.° ‘2""”’:0'
4. 4sin? y +4siny —3=0.
x;—z—ﬁo 6y +2cosx=1,
5. { 10. 27
2 13 169
—i—\/ —3y—16=0. = .
< £ 19¥%  19v%
6{73: 4/Xy+5y=8, X—y=14,
Fe=-ByRy By =10 log, x+log, y =5.
2 3sinx=1, =81,
7.1 12.{7 10
sinx+ 3y =0. logxy+log},x=?.
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Juarnoctudeckas pabora

Yacme 1. ¥pasnenus

1 1 5 11 T
Lz Z-9Hye) LA B0:S 6152 7 5
:|:23—n+27rk, n,keZ. 8. 1. 9.0;3. 10.(—D" -%+ mn, nez 11. —4; 4.

1
12, —; 8.
Va

Yacme II. Cucmemst ypasHenuil
1L (3;2); (3) (5;1); (1;5). 2. (=0,5,-0,5;0,5). 3. (3;2); (=3;-2).
4. (1;1); (1;0,5). 5. (4;25); (25;4). 6. (5;4); (—9;25). 7. (g + 27n; 2),

nez; (—5?“+2¢rk;2), kezZ. 8. (—%+2-rm;—6), nez. o. (—3;—%+

+2ﬂn),nez‘ 10. (20;3%+2ﬂn),nez‘ 11.(-4;-1). 12 (%+2¢m;7),
nei.

Ilensie anrebpanveckue ypaBHEHUS
].a]——-ﬁ] —2. 2.a)0;6)0. 3.a)6;0)14. 4.a)9;6) —18. 5.a)9; 6)10

6. a) 17; 22; 6) —21; —16. 7.a) —4;4;6) —3;3. 8.a) 3;6) —1. 9. a) E’

6) —g; —-1. 10.a) —2;0; 2;6) —=5;0; 5. 1L a) % 5i;/_ 6) =5; =2; ~1.

12. a) 2; 3; 6) —8; 2. 13.a) —14; —8; —2;6) —4;1; 6. 14.a) —1; 6) —1.
15.a)0;1,5;3;6) —9; —1,8; 0. 16.a) —2; —1;1; 2; 6) Her pemennii. 17.a) 1;
46) =3;5. 18.a) (-oo; ] 6) (—m;—%]. 19.2) L 6) 1. 20.a) —2; 2;

0)—-1;1 21.a)1;,2;3,6) —-2;4;,6. 22.a)2;06)2 23.a)l;2;,3,6)1 2;
3. 24.a)1;6)1 25.a)2;6)3.

TpeHupoBouHas pabora 1

1.-3:-2,3:4 2.-9;-1. 3.1;16. 4. —3—2\/ﬁ, 3*'2‘/_ T Bl
6.4. 7. %;1;3. 8. -2 4. 9. 2,3,2. 10.1. 11.-2. 12. (3:2).

TpeuupoBouHnad pabora 2

1.2. 2.1. 3.4. 4.0;2. 5.1;2,5:35;5. 6.-0,5;1,5. 7.—1,6;2. 8.—4;

4. 9.-3; -1;2; 4. 10.[-7; —4]U[1;4]. 11. {—3}U[3; +=). 12. (—%o; —5]U
11-+/233 +\/23

[F ][ ),



OTBeTH 165

JlpoGHO-paliuoHAIbHEIE YPABHEHHA

].a):l:%;ﬁ]:l:%. 2.3) —1:6) —6. 3.2) -8 —6;5:6) 2 4, 7. 4.a) — é;
6]—%;%‘ 5.a) —2; 6) —5: 6. 6.3) —4;6) 0,5. 7.2) % 4 6) —5;8. 8. a)1;

6) L 9.a) —6;6)8 10.a)1; 4;6) —5;1 11. a) —4; 6) —1. 12. a) 3;
6) —9. 13.a)1;6) —8. 14.a) —8;6)5. 15.a) —4;6)1. 16.a) —5;6) —3.

17. a) 1; 6) —1. 18. a) —2; 6) 7. 19. a) 1,5; 6) —g‘ 20. a) 11; 6) —13.

21. a) (—m;g); 6) (—m;—%). 22. a) [2;5) U (5; +); 6) [—1; 3) U (3; +).

23. a) —4; 6; 8, 0) —9; 4; 6. 24. a) (—cc; —12)U (12; +%); 6) (—co; —16) U
U(11;4+=). 25.a)1;2;:3;4;6)2;3; 4.

TpeHupoBouyHas paGora 3

1.3. 2.0. 3.—4;,-1-2+2;-1+2+/2;2. 4.-3;3. 5.-4;-3;2;3. 6.1,2;
24. 7.—-1. 8.0. 9.0. 10.-2;2. 11.-3. 12.-2;1.

HppauuoHaibHble ypaBHEHUA
l.a)1;6)2. 2.a)-3;6)-5. 3.a)-1,2;0) % 4. a) —4;3;6)—8;7. 5.a)l;
6)1 6.a)16;6)13. 7.a)1;6)1. 8.a) %; 3:6)2;4. 9.a)5;6)7. 10.a)1,5;
035 1LaL26)-52 122 5LO L2 13.2-2605 14.a6

6) 2. 15. a) Hert pemennii; 6) g 16.a) 7;6) 8. 17.a) 6;6) 8. 18.a)5; 6;

0) —3:;8. 19.a) —5;4;6) —=5;7. 20.a) —8;6) —8. 21.a)4;06)4. 22.a)2;
6)6. 23.a)1;6)5 24.a)8;9;6)—6;2. 25.a)2,5;6)4,5.

TpeHupoBoyHas paGora 4

1. Pewrennii Het. 2. 0; 13. 3.—%‘ 4, PelieHHil HeT. 5.—% % 2;3. 6.-5;
—%. 7.-2;-1;3. 8.1 9. —1; —%. 10.3. 11.16. 12. —33

TpUroHOMeTpHYECKHEe YPaBHEHHUS
1. a) (— ]"“E + 7tn; 6) (—l]"% + wn. 2. a) :I:% + 27tn; 6) i:%rr + 27mn.
3.a) = + nn; 6) ——+ nn. 4.a) (—1)" arcsin§+ nn; 6) (—1)""‘1 arcsini + mn.
n+1 Tt ; el T, T mn
53](1) +10,5)(1) +12 Ga):l: + 6):|: +2.
7.a) — +7m 6) — —H'm. 8.a) ig+2?’!n, 6) (— 1)“6 +:rm. 9. a) (—1)"+1£+

+ mn; 6) :|:§+2fm. 10. a) :I:Z?ﬁ+2fm; 0) :I:§+2:rm. 11. a) (— 1)" + mn;

0) :I:%r+2¢m. 12. a) (—l]"%+-rm; 0) :I:% + 2nn. 13. a) :I:T+2¢m;
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o) :I:ZT1IT + 2nn. 14. a) 7n; :I:ara:c:osl + 2¢m; b) mn; :I:arccos% + 2mn.

15. a) (—1)" 2 arcsin é ; 6) ( 1}n = arcsm + —. 16. a) 6) —
17.a) ——; 6) —. 18. a) arccos Z +2:rm; 6) arccos 5 +2nn. 19. a) arcsin E +

+ 2mn; 6) —arcsm% + 2nn. 20. a) —arctg3 + 2nn; 6) 7w — arcl:g4 + 27mn.
21. a) %+21m; 6) 7?% +2mn. 22, a) Her pewennii; 6) 3. 23. a) —= 6) —-=
24, a) n+2nn; (—-1)" arcsin%+fm; 6) m+2nn; (1" arcsin%+ﬂn. 25. a) 5

2nn

+%;6) ——+—. 26.1. a)x=g+:rm nEZ'x—:I:S—ﬂ+2:rrk keZ; 6) 3?71,

sn 17¢ 7m, Sm, 9m
= 6 26.2. a]x—5+rm nezZ; x= :|: + 27k, k€Z; 6) — 2T T

271. a) x=nn, nef; x= §+2'?Tk, kef; x= T+2ﬂm, meZ, 6) —=3m; —2m;
—BTR‘ 27.2. a) x = nn, neZ;x=—%+2ﬂk, keZ; x=—3Tn+2¢rm, mez;

13::. 28.1.a)x=-rm,nez;x=—%+2ﬂk,k€Z;x=—5?ﬂ+2ﬂm,
meZ; 6) —4m; —3m; —17—“. 28.2. a) x=mn, n€Z; x=%+2ﬂk, keZ;

6
Xi= 2??[+2:rrm meZ; 6) —37:; —2m; —5??[.
—:|:—+2:rrk k€Z; 6) — ,— 29.2, a)x:%—i-fm,nez;x::t%-i-

30.1. a) x=r7n, n€ Z; x=:l:5?ﬁ+21rk,

0) 2m; 3m;

29.1. a) x:%—i-:rm, nei x=
?T_ s
2 g
+ 2k, k€ Z; 6) —12%; —5?”, o

keZ; 6) — 17“ 3m; NTR 30.2.a) x=7n,n€f; x=:l:% +2nk, ke Z; 6) —4m;
_1571:; —3n. 31.1.a) x=r7rn,n€f; x=:|:2T:rr +2nk, ke Z; 6) i—ﬂ; 3m; mTﬂ

31.2. a]x=%+¢m, neZ;x=—%+2ﬂk,k€Z;x=—2?n+21rm, me; 6) _5_1:;

—73—?[;—3?“. 321.a)ng—i-rm,nEZ;x:—§+2nk,kEZ;x:—z?n+2f:m,
meZ; 6) —ﬁ. 32.2. a)ng—i-fm,nEZ;x:—%+2fzk,kEZ;x=—BTn+

+2nm, meZ; 6) —7?”. 33.1. a)x=§+2nn nEZ‘x::I:S—n—i-mrk ke

6) 5_“, ST 339 a)x———+27m nez; x—:l: +2nk, k€ Z; 6) 3—?[, o,

2 37
I 341.a) Z4ank kez; 4o, ne; 6) %, 2 342.2) Lonk,
keZ; —?+2Tm, nei; 6) _2?7:, 2?7:; 4?71 35.1. a) x=2nn, n€Z; 6) —2m.
35.2. a]x=£+2ﬂn nez; 6) 5—?[. 36.1. a)x=—%+2-rm,nez;x=—5?ﬂ+2ﬂk,
ke x-§+2fzm meZ; 6) 7—“, 11?11, 5?1: 36.2. a) x=n+2nn, n€Z;
x::t?+2f:k,kEZ;6) ?;31':. 37.1.a)x=2nn,n€Z;6) —2n. 37.2.a)x=

=n+2nn,ne€Z; 6) 3n. 38.1. a) x=:|:%+fm, nez; o) —BTR; _llT:rr; —an.
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38.2. a) x=:|:£+-rm, nei; 6) —B—ﬁ; —HT?T; —gTﬁ‘ 39.1. a) x=:|:5—ﬁ+2ﬂk

kez; 6)—7—?1‘ 39.2. a) x= % + 27k, ke Z; x——ST+2ﬂm meZ; 6) 13—”

40.1. a) x=2nn, n€Z; 6) —4n. 40.2. a) x = —+21m, nei; x= 5— +2¢rk

9\/'+\/'13

keZ-ﬁ)—7— 42.2)1,4:6) —9—4+5. 42.a) 22TV7

6\/_ 1

413)‘/_6)‘/_

6) 44, a) 1; 6) 5. 45.a) —0,5;0,9; 6) —2; 3,6. 46.a)0;0,5;1;6) 0.
47. a) O, 2;6) —2;0,5; 2. 48. a) §+2-rm' 0) 1 49 a) 0,5; 6) 2. 50. a) 0 5'
6) 1. 51.a) 0,5;6) 0. 52.a) —3; 6)1 53. a] ;6) £—. 54. a) —

\/_' 12’
6) 3,5. 55.a)(—2;0);6)(1;0). 56.a)l;6)1; 5. 57.a)2;6)1. 58.a) £;
6) 1. 59.a) —0,5; 0; 0,5; 6) £v/2; 0. 60. a) %; 6) 0; 0,5. 61.a)0; 1; 6) V2.
62.a) —1;0;1;6)0;2. 63.a)(2;—-0,5);6) (2; —0,5). 64.a) (3;—4);6) (6;5).
65.a) (1;—1); 6) (1;—1).

TpeHnpoBoyHas paGora 5

el D A o B g B
1.x= 36 + nk, x 6 +nk, ke Z. 2.x—3+4n,nEZ,x7—5+ = ,keZ.
3. Pemienwnii Het. 4. x:%—i-f:k, keZ. 5. x:—% +2nn; x= ?ﬂ+2fm, nez.
6.x=g+¢rk,kez;x=(—1]"arcsin%+-nn,nez‘ 7.x=9?ﬁ‘ 8.x=—2?n+2ﬂk,

L

keZ. 9.x:%+%k,kez. 10.x=%+2fzn,nEZ. 11 12.:tarccos§+

+2nn,nez; §+ 2nk, ke Z.

TpenupoBo4uHas pabora 6

1. a]x——+rm neEZ; x= :I:—+21rk keZ; 6) 43?[,3;,5; 2. a)x=%+-rm,
nEZ;x:§+2nk,k€Z;x=?+2fzm,mEZ;ﬁ) 117:, 7;;—10?71.

3.a) x=nn, neZ‘x=:l:2—ﬂ+2-nk keZ; 6) —511;—”'%,—4% 4. a) x=r7n,
. 5_ _1lx  7m, _
nex; X—12+?Tk keZ; x-12+fzm meiZ; 6) —m; T ,3 12,0 5.a) x=mnn,
nez; x= :I: +2nk, keZ; 6) 2?:, 3,311 6a)x—2,x 2x———+2nk
keZ; x——?+2:rrm me#; 6) 6 : %; % 7 a)x:i?+2fzk,kez;

147 11t 9n 7n 51 3
6)——. 8.a)x= :I:Z+-rtk keZ; 6)——,;97,—T,—T,—T. 9.a) x=
=—+2¢rk keZ; x——+2rm,nez b) ——n‘ 10. a)x=%+2-nk,kez;
x—?+2fm neZ; 6) 13_:'r 11. a) xz—g+2:rm nEZ'x:—S—ﬂ+2nk,
keZ; 6) — 7“ Lo 12. a)x——+2ﬂk keZ; x—5—+2rm nez, 6) —23—?[

6 " 6
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TpeHupoBoyHas pabora 7

1 10 1.9 , 1 o1 oo 1, _ 1

1. 6 2. —7. 3. _E’ 10° 4. 3 5. 2 6. sinl. 7. 2,1. 8. ] 8 9. ]
V3 V3 1

10. 5 11. 5 12. 3"

INoxazaTenbHBIC YPABHCHHUA
1.a)1;6) 1 2.a) —24;6) —21. 3.a)l17;6) 26. 4.a)2;6)2. 5.a) —1,4;
6) 25 6.a)l1;,6)1L 7. a)—-1;,6)—-1. 8 a1l 6)1l 9. a —-2; 6) -
10. a) —1; 0; 6) —3; 0. 11.a) —1; 6) —1. 12.a) —-2; 6) —4. 13. a)

3 2’
6) _‘_5;;%_ 14. a) —1; 6) 1. 15. a) 4; 6) 3. 16. a) 0; 6) 0. 17. a) —1,5;
—1;6)3. 18.a) —2;6) 2. 19.a) 3; 6) 27. 20.a) 8;6) 16. 21. a) 3; 6) 6.

22.a) —9;6) —2. 23.a)—-2;6)2. 24.a) —1;6) —7. 25.a) —2;6) —6.

TpenuposouHada pabora 8
FY

1L-19. 21 3.-2 4 -1 52 614 7 -2. 86 9.1 10. 7k,
keZ. 11.41;4+/2. 12.0;0,25.

JlorapudmMudeckne ypaBHEeHHS
1.a) 1,5; 6) % 2.a) —19; 19; 6) —16; 16. 3. a) 17,17 6) 25,25 4. a) —3;

3:6) —9:9. 5.a) —4,6)7. 6.a)23;,6)13. 7. a) 4, 6) —2. 8 a)7; 49;
6) jeig. 923216 22 10.2)9;6)4. 1L2)~66)9. 12.a) Her
pemrennii; 6) —8; —5. 13.a) —6; —2;6) 9. 14.a)8;6) 0. 15.a) —11;6) 11
16.a)6;6)9. 17.a) —6;6)6. 18.a) —2:0:6) —4;0. 19.a)1;1,5;6) 2; 2,5.
20.a) —3;6) =5. 21.a)—-3;-1;6) —2; —1. 22.a)0;6) 8. 23.a) —26; 24;
6) —14;18. 24.a) —3;6) —5. 25.a) —6;6) —-2.

TpeuupoBouyHas pabora 9

1. —4. 2. Pewenuii Her. 3.7. 4.x£15. 5.1; 29 6.16. 7.4. B8.-26;24.

9.2;%. 10. -5, 11.3. 12.1.

CHucTeMBl 1IebIX anrefpanyeckux ypasHeHHH
1.a) (6; 6);6) (21;21). 2.a}(16;0);6) (54;0). 3.a) (—1;1); (1;1);6) (—1;1);
(LD, 4. ) (0;0); (1‘1)‘ 6) 0;0); (~3;-3)- 5.2) (I, -1); (-1;-3,5);

0 &-2; (-3%) 6 a (-%3) @m0 (H-F) L-D.
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7.a) ©;0; 6 ;0. 8.2 (52); (-12);0 (-5:2); (0,0); ;.
9. 2 (%0); ww; & (-2;0); WD, 10 @) -L,-1; 6 (55
11. a) (=3;2); (3;2); 6) (—1;4); (1;4). 12.a) (—1;-3); (4;-3); 6) (-1,7);
(9;7). 13. a) (21;-3,5); 6) (3;—-1). 14. a) (1;1); (2;2); 6) (2;2); (3;3).

150 B) (=1 —17 (51N (05120 (05 2% 6) (=1 -1 () (_7;_%);
(7:3)- 16.2) (~6:-6); (6:6);0) (-8; —8); (&:8). 17.a) (-1, ); (1,-3);
o (-u3) (5-3). 18 @ 3-2 (-3 @3 G2
6) (=2;1); (=1;2); (1;2); (2;,-1). 19. a) (6;4); (4;6); 6) (6;—4); (—4;6).
20. a) (—8; —4); (2;1); 6) (=5; —1); (20;4). 21.a) (—8;1); (2;1); 6) (-4 1);
(2;1). 22, a) (2;-1); (2;1); 6) (3;—-1); (3;1). 23. a) (4;2); 6) (—2;4).

24. a) (—9; —2): 6) (16:5). 25. a) (6; 0,5); 6) (3; —%).

TpeHuposouHas pabora 10
1. (2;-1). 2. (-1;1;3). 3. (0;0; (—4;2). 4 (-2;3y; (3;-2).

5. (1+V31-v3); 1-VE1+v3). 6 (21); (-2;-1); (i,—%),
(-22:23). 7. @2 @D, & G-D; (LD, 9. (G-3); 3Dy

(1;2); (2;1). 10. (1;1);
n (3D (7). man: (B2)

CHCTQMBI, cojepialme npoﬁHo-pauHOHaanHe YPaBHECHHA
La) (5-2)0 (-2-3). 2.0 @4:6 (33). 3.2 (656 2-3).
4. a) (z )‘6)( 1‘3). 5.a) (2:1); 6) (—=2;1). 6. a) (9;8); 6) (8; —8).

7. a) (—— ——) (5;5); 6) (——-—2) (=3;-3). 8.a) (3;-3); 6) (-L; 1).

9.2) (4;4); (4, —4%,6) (-3;3; 3;-3). 10.0) (- 2)s ;0 (-2 2

(11;1). 11.a) (2;-1); 6) (—2;-0,8); (4;0,8). 12.a) (—3;—-3);6) (— 1 —1).
13. ) (8; =7); 6) (0,75, =7). 14. a) (=2;4); (2; —4); 6) (=5, -15); (5; 15).
15. a) (0;-3); (16;0,2); 6) (0;5); (26;—0,2). 16. a} (—12;2); 6) (5;1).
17.a) (7; —2);6) (9; 10). 18.a) (45; 3); 6) (24; —2). 19.a) (—4;1);6) (4; —4).
20. a) (=1, -1); 6) (=3;4). 2L a) (=3;-8); (=2;-3); (3; —8); 6) (=5;7);

575 (64 22.2) (-6); (31 6) (-5 (1. 23 a) (-3;3);

(3:-3): 0 (3 ;) (3:3) 24 & (12 &4 6 (23 1;-19).

25. a) (—6;2); 6) (—6;—3).

(55 50), (45155), o
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TpeHupoBoyHas pabora 11
1. (5;6). 2. (1;1). 3. (47). 4. (14;7). 5. (—19;—-10). 6. (—2;1).
7. (22). 8 @6 (-46); (-5-3). 9. ZD; (6. 10. (-3;-4);
(—2;-2);(2;4). 11.(—7;-35). 12.(—6;—11).

CHCTQMBI coﬂep}“alﬂ.ﬂe prauHOHaJIbHHe ypaBHeHHﬂ
1. a) (2,25;1); 6) (25, ) 2. a) (9:4); 6) (=6;4). 3. a) (5:9); 6) (4; L,5).

4. a) (—4;3); 6) (=2:25). 5. a) (=7;3); (14;—6); 6) (=5; —2); (15;6).
6. a) (25; 5); (49; —2);6) (16; —3); (36;4). 7.a) (—9; —4); (9;4);6) (—9; —25);
(9:25). 8.a) (~3;36);6) (6:25). 9.a)(—2;9):6) (—6;49). 10.a) (—9: —9);
(3;27); 6) (—4; —4); (10; 1,6). 11.a) (7; 2); 6) (9:4). 12.a) (6;5);6) (3; —1).
13. a) (-1;1); (3;9)% 6) (—2;10); (4:7). 14. a) (4 V3); 6) (4;VI3).
15. a) (—2;2); 6) (6;4). 16. a) (3;6); 6) (—3;5). 17. a) (—4;7); (4:5);
6) (—6;3); (6;1). 18. a) (4;9) 6) (9;1). 19. a) (—10;-7); 6) (—7;—5).
20. a) (4;1); 6) (4;9). 21. a) (4¢;t), rtme t = 0; 6) (0;0). 22. a) (20; —4);
6) (14;2). 23.a)(1;1);6) (1;1). 24.a) (3;27):6) (2;18). 25.a) (—%;—%);
(1;1); 6) (1;1).

TpeuupoBounas paGora 12
1. (2;6). 2. (-=1;0). 3. (5;4). 4 (9;2); (25;-1). 5.  (9;6);
(=3;-2). 6.(2;3). 7.(=9;—4); (10;%). 8. (3%) 9.(6:2). 10.(5;2).
11. 3;5). 12. PelreHuii HeT.
CHCTEMBI, COAepKalHe TPUTOHOMETPUYECKHE YPABHEHUS
1. a) (:I:§+2fm;1) (( 1}n + mtn; 1). 2. a) (f:+2:rm;:|:§+2:rrk);

6) (:I:Z?ﬂ+2fm;2:rrk). 3. a) (—z+:rm,— ); 6) (—%-F?TH'B) 4. a) (%-ﬁ-
+ :"m':l:E + 2fzk); 6) (% + mn; (—l)k“% - ?Tk). 5. a) (7; 11:_ + %);
o) (m 711)‘ 6. a) (—%+2-rm;2ﬂk); 6) (ﬂ+2¢m; 5+2ﬂk). 7. a) (—9

_— + Zﬂn); 6) ( 19; _E + 2-rm) 8. a) (ﬂ(2kzn+1J; n{n—2k—1)

4

6) (n(2k;n+1], L n+1J) 9.a) (2 +1m,—+-rtk)'6) (g-l'fm;%-l'ﬂk)

10. a) (”T“% ; 6) (%"%+%) 11.a) (25 +7n); 6) (4 m+2mn),

12. a) (4; —1+4n); (2k‘—5]‘ 6) (3; 1+4n); (1+2k; —11). 13.a) (—+3rm,

T 4mk 77m 7T 7nny, (97 9k

_+2m) (2 ’__ ) 6)( 5’16+T)’ (E"'T’
9 9k

T Rl L 14. a] (—1; mn); 6) (— 5 + -rm). 15. a) (-n+2¢m;—%);
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6) (3+21m;2). 16.2) (3 +7n;2);6) (nm;3). 17.2) (w;27); 6) (; —m).
18. a) (m+27m; 5+ 27k ); 6) (n+27n;27k). 19. &) (5 +27m; 5 +27k);
6) (2mn; m+27K). 20.a) (1;2nn); 6) (3~ = +2mn). 21.a) (L +2mm1);
@nk; 2); 6) (1 + 27n; 5); (3—ﬁ+2fzk‘4) 22.) (3, Z+m); 6 (3 20).
23.a) (-10; 22+ Z2); (105 - 1“8+2”k) 6) (\/_,21'3+275m) ( vZ 3+
+ %) 24. a) (ﬁ; ik Zﬂn); (—ﬁ; —-=+ 2-nk) (4\/_ + 2rm)

(—4\/§; —%+2ﬂk). 25. a) (—%+ﬂn; 3); (arctg2 + 7in; 2) 0) (—Z+fm;

—4); (arctg % + mn; —g)

TpenupoBouHas paGora 13
3 nE ot s n+1£ E .
1. (( 1 6+rm,2),nez. 2.( 1 (-1 6+1m),nEZ‘ 3.(4+ﬂn,2),
nez. 4. (—g+2nn;2nk),n,kez. 5. (—13;—g+2fzn),nez. 6. (=1 =n),

T 5 T 5 T
neZ 7. (Z+2-rm,§), (—:-1-2'?{}{,—5), n,ke#. 8. (5

(mr + 2nk;5), nk € Z. 9. (2_7: + 2fm;1); (z?ﬁ + 2:rrk;—1), nk € Z.

T 21n 2k 3
0. (-4vz-S+28); (avz L+ 25), nkez 11 (23 +27m;2);
(rtk; =l); (t; 0),(#%+nm,n,k, m,leZ, [#0. 12.(0;t),t#nn; (le; g—i-f:k),

n,LLkeZ, 1 #0.

+ 2?‘[!1;6);

CueTeMsl, cofepikallie NoKasaTe/IbHbIe YPAaBHEHHA

1. a) (1;1); 6) (1;1). 2. a) (3;2); 6) (5;3). 3. a) (5;5); 6) (—7;10).
4. a) (5;1); 6) (—4;1). 5. a) (—4;log;134); (5;3); 6) (—4;log, 21); (1;2).
6. a) (log; 8;log, 9); (2;3); 6) (log, 8;log,25); (2;3). 7. a) (2;2); 6) (2;3).
8. a) (log; 64; log, 25); (2;1); 6) (log,3—1; 3log,4+3); (2;4). 9.a) (—1;-3);
6) (=2;—-1). 10.a) (3;:1);6) (4;1). 11.a) (1;3);6) (1;5). 12.a) (—7;5);

6) (—9;8). 13.a) (1;%);6) (1%) 14.2) (1:1); 6) (1;2). 15. a) (~5;0);

0) (6; —0). 16.a)(2;9);(6;5);0) (—7;—4);(7;—18). 17.a)(4;1);6) (16;1).
18. a) (1; —5); (1;5); 6) (1; —2); (1; 2). 19.a) (—6; —1); (—6; 1); 6) (—4; —1);
(—=4;1). 20. a) (4;-2); (4;2); 6) (1;-1); (1;1). 21. a) (2;1); 6) (1;2).
22. a) (1;3); 6) (1;2). 23. a) (3;2); 6) (3:6). 24. a) (19;1); 6) (14;1).

25. ) (—1;—12—5);6) (—1;;).
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TpenuposouHad pabora 14
1.(1;3). 2.(2;1); (log, 7;2l0g,2). 3.(1;2). 4.(12;13). 5.(1;5);(1;—5).

6. (—16;0); ( 2 251) 7.(2;1). 8.(3;log;10). 9. (—2;3); (log,81—-2; —1).

10. (log; 2; %) 10 2 D; (-8 -4). 12 (3:3): (4:2); (~6;-3).

CHucTeMbl, cofiepkalue JorapudpMuuecKue ypasHeHUS
1.a) (—2;10);6) (—4;49). 2.a) (5;6); 6) (15;16). 3.a) (0,04; 3); 6) (é; )
4. a) (—49;—1); (=1;-49); 6) (-16;—1); (=1;—16). 5. a) (3 49) 9;7)
6) (5;%); @5;35). 6. ) (5;1); 6) ( -1). 7. a)(v26;-1); 6) (55 D).
8. a) (—25;8); (V5;—0,5); 6) (¥9;5); (¥3;1,5). 9. a) Her pemennit; 6) (2;

D. 10. a) (\%2_7;1); (3:6): 6) (0,5;—4); (V& 1. 11. a) (9;2); 6) (4;4).

12.a) (4;8); (8;4);6) (2;3);(3;2). 13.a)(2;2);6) (4;16). 14.a) (—1;-9);
6) (—2:-9). 15.a) (1;3); 6) (5;4). 16.a) (9:2); 6) (2;8). 17.a) (3;2);

6) (7:5). 18. a) (5:49); (25;7); 6) (%ﬁ;a); (2; 4%/5) 19. a) (3;6);

0 (2:3). 209 (L) 077 (& o) 9 21w (13)
6) (1;1). 22. a) (9;28); 6) (8; 21). 23. a) (4;7); 6) (6;10). 24. a) (6;4);

6) (5;14). 25.a) (0; —%); 6) (0; ;)

TpenupoBoyHas pabora 15
1.(5:9). 2.(=3:9). 3.(2;2V2). 4. (3%) 5.(8:4). 6.(3:1). 7.(7:5):

(5:7). 8. (7,5:4,5). 9. (3;—@). 10. (1;v3); (3;3). 11. (6;8).
12. (5; 7).

Juarnoctudeckas pabora 1

Yacme 1. ¥pasnenus

Laeshin ;6. 2.[1;2]U[3;+%). 3.2. 4.%x1. 5.3. 6.0,75. 7.a)x=

,3,
_.2n L f) —dE g, g o B EK
_:l:—+2¢m,nEZ o) 3 8. 10+ S,nez, 20+ 5>k€Z‘ 9. 4.
10. a) x =2 +7n, n€7; 6) —"T"T. 11. a) x =22 + 2nk, k€ Z; 6) —7?“.

12. 4;12.
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HYacme I Cucmemst ypasHeHuil
5 31
1L (21): (—5;?). 2. (-1;-3); (4;-3). 3. (=5.—6). 4. (=1;—1).
5. (%;1). 6.(5;9). 7. 77“;%+“7” nez. 8. (—13;—%+2ﬂn),nez.

9.(=5;0). 10.(4:1). 11.(27:7): (217 ) 12. (1;—1).

JluarHocTudeckas pabora 2
Hacms 1. YpasHenusn

1. —4;-1;0;1:4. 2. —2;8. 3. 3. 4. ,—E'O 5.3. 6. £1. 7.a) x=
%+2ﬂn,nez x——g+2nk ke, x———+2ﬂm,mez o) 1?;57“.

8.x=5+¢m nEZ‘x=26 13,k el x=- + B,mez 9.1.10.a) x=
%+fzm me#; x——%+2fzk keZ; X——g+2ﬂn nez; 6) — 17”;—5?“;
an. 11. a]x——+¢rm,mez x———+2¢rk kel x——g+2rm nez;
3n, 1ln, 5

6)?, % 5 12. 4.

Yacme Il Cucmemst ypasHeHuii

1. (V6 +2v3;2v/3 = vV6), (-v6—2v3; V6 — 2v3); (2V3 — v6; V6 +2v3),
(V6-2v3; —vV6-243). 2.(4:2). 3.(—4:4); (4;,—4). 4.(-3;-3). 5.(9;6);

(-3:-2). 6.(3:27). 7. (13“ “k) keZ. 8. (2 k4 Z ) keZ. 9.(-5;0).
10. (3;2). 11.(4:7). 12.(9;28).

JluarHocTuyeckas pabora 3

Yacms 1. Vpasuenus

1. -3;-2;0;1. 2.{-14}U[0;7]. 3.—-4;—-1;3;6. 4.-1. 5 E 6. —5;5.

2n 2n 2n 4n
7. ;]x—:l:—+2¢m nez; 6) 335 8. x —+ kez x—£+
+ 1 — meZ. 9.3. 10.3)ng—i-fm,nEZ’.;x=§+2fzk,kez;x:?+2nm,
meZ; 6) 3?1:,7?1:,5?:: 11. a) -rtn,nez;:l:z?ﬂ+2¢rk,kez;6) —4?1;—107“;—3?1;
—B?E. 12.10;11

Yacme II. Cucmemst ypasHeHuii
L (-9;-2). 2 (-L-D. 3. %-7). 4 ©-3). 5 G1; (-5-3).
6. (—10; 7). 7.(4;3+4k); (2n;-5), n,kEZ 8. (—1;mh), keZ. 9.(12;13).

10. (—16; 0); ( ;57 ). 11. Peuenwii ner. (0 ——)
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JuarHoctudeckas pabora 4
Yacme 1. ¥pasnenus

1:|:\/§

1. -2;-1;1. 2.5;7. 3. 1;%. 4. —4; 5.5,6. 6.1;8. 7.a) x=

2
5m mm

—arccos(—l) 8.x———+ z,mez 9 -2;-1. 10. a) x=

=£+2-nn,nez;x=:l:arccos( 1)+2?Tk keZ; 6) ,arccos( )
s
7 T

nez;6) -1t 1.1 121

Yacme II. Cucmemut ypasHeHuil
1. (%;0); (D). 2.(=9;-2). 3.(4;4). 4.(453). 5.(-4;—1). 6.(36;9);
(81;324). 7. (2nk; 1), keZ. 8. (— arccos %+2?Tk; 1); (:l: arccos %+2ﬂk; —2),

keZ 9. (-1;1). 10. (—STTI + 2-nk;31/§), k € Z. 11. Her pemeHui.
12. (2; 16).

AuarHocTuyeckas pabora 5
Hacme 1. ¥pasnenus

1.-35;1. 2.[=2;3]U[4; +). 3. @_ 4.0. 5.%. 6.-3;—1. 7.a)x=
=g+2ftk keZ; x-—+2:rrm meZ; 6) g 5% 8.x=%+nn,n€2. 9. 5.
10.2) x=—% +mn,n€z; 6) -5, 1.7, 12.3.

Yacme I1. Cucmembt ypasHeHuil
L @1 (-15:33). 2 8D GD. 3 65). 4 &7). 5 G6H.

6. (1;1). ( ]"'”arcsm +ﬂn;%) neZ. 8.(-2;-1); (—ﬂ;%+-rm),
1-2cos3

nez. 9. (§;E+2fzk),kez_ 10. (3 :

(27, 3).

). 11. (16:2). 12. (3:27);
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